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Abstract

Given three segments OP;,OP,, OP; in a plane w, which are not contained in a line,
we find a simple necessary and sufficient condition for the existence of two distinct ellipses
centered at O and circumscribing the three ellipses having as conjugate semi-diameters the
pairs (OPy,OP;), (OP,,OPs) and (OPs,OP;). We prove this result by showing that it is
equivalent to the existence of a secondary Pohlke’s projection closely related to the (always
existing) projection given by Pohlke’s fundamental theorem of oblique axonometry.
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1 Introduction

The presents paper is inspired by Toulias and Lefkaditis’s article [8], where the authors inves-
tigated from the analytic plane geometry’s point of view the problem of determining all the
concentric ellipses circumscribing a given set of three mutually conjugated ellipses.

This question arises from the fact that the existence of a circumscribing ellipse is an interme-
diate step in some of the proofs of Pohlke’s fundamental theorem of axonometry [6]. See [1], [2],
[3] and the references therein. Conversely, the existence of such an ellipse is also an immediate
consequence of this same theorem.

More precisely, let w be a plane in the Euclidean space E? and let OP;, OP,, OP; C w be
three segments which are not contained in a line. By Pohlke’s theorem we know that there are
a parallel projection 11 : E3 — w and three equal segments OQ1, 0Q2, OQ3 such that

H(OQZ) = OP; (1 <i<3) (1.1)
and
0Q1 L 0Q2, 0Q2 1. 0Q3, OQ3 L 0Q. (1.2)

Moreover, 11 is unique up to symmetry with respect to w.' The set of three segments OQ1,
0Q2, 0Qs is determined up to symmetry with respect to w and up to symmetry with respect to
a plane through O and perpendicular to the direction of projection.? See [1], [4].

! The symmetrical projection I : E* — w, defined by TI(P) = II(P) where P is symmetric to P with respect
to w, satisfies both (1.1) and (1.2) with Q1,Q2, Q3 instead of Q1, Q2, Q3.

2 The conditions (1.1), (1.2) continue to apply if we replace Q1, @2, Qs with their symmetrical Q}, Q%, Q5 with
respect to the plane through O and perpendicular to the direction of projection.
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Now, if OP;, OP», OPs are non-parallel, we may consider (OP;,0P,), (OP,OP3) and
(OP53,0P) as pairs of conjugate semi-diameters of three concentric ellipses Ep, p,, Ep, p, and
Ep, p, respectively. So a consequence of the previous statement is that:

There exits an ellipse € centered at O and circumscribing Ep, p,, £p,,py, Epy, P -

Indeed, let S be the sphere centered at O and containing Q1,Q2, Q3. By (1.1),(1.2), the ellipses
Epi.pys Epy,pys Epy,p, are the projections, via II, of the great circles of S through the pairs
(Q1,Q2), (Q2,Q3) and (Q3, Q1) respectively. So it is enough to consider the ellipse £ formed
from projecting onto w the great circle of S in the plane 7 through O and perpendicular to the
direction of projection. Namely, & =TI(S N ).

Definition 1.1 Let II : E3 — w be a parallel projection. We call 11 a Pohlke’s projection for
OP1,0P,, OPs if we can find equal segments OQ1, OQ2, OQ3 such that (1.1), (1.2) hold.

We also say that £ C w is a Pohlke’s ellipse for OPy, OP,, OPs if £ is obtained as above
from a Pohlke’s projection for OP;, OPs, OP;.

By Pohlke’s theorem a Pohlke’s projection for OP;, OP,, O P always exists and it is unique up
to symmetry with respect to w; the Pohlke’s ellipse for OP;, OP,, OP5 is unique.

Notation 1.2 In the following we will indicate with p a Pohlke’s projection for OP1, OPs,
OPs and possibly with 1lp the symmetrical projection with respect to the plane w. With & we
will indicate the Pohlke’s ellipse for OP;, OPs, OPs.

One may note that the existence of an ellipse &£ centered at O and circumscribing £p, p,,
Ep,,py, €py,p, does not require a Pohlke’s projection Ilp as above. But merely a parallel projection
II:E3 — w and equal segments OR;, ORy, OR3 such that II(OR;) = OP; (1 <i < 3) with

Z) OR1 1 ORQ and OR2 1 OR3;

1.3
ZZ) OR3 L OR1 or OR3 1 ORII, ( )

where the point R} is symmetric to R; with respect to the plane through O and perpendicular
to the direction of the projection. See the Lemma 2.6 below.

Since condition (1.3) is weaker than (1.2), it is natural to ask if there are ellipses £ # &,
with center O, which circumscribe Ep, p,, €p,.p;, Ep;,p,- In this paper we will investigate the
existence of such ellipses by finding necessary and sufficient conditions for the existence of the
corresponding projections IT # Ilp, IIp such as to satisfy (1.3) but not (1.2).

To this aim, we give below the relative definitions and then we state the main results.

Definition 1.3 Let OP;, OP,, OP3 C w be three segments which are not contained in a line.

(1) A parallel projection 11 : E3 — w is a secondary Pohlke’s projection for OPy, OPs, OPs if
there are equal segments OR1, ORo, OR3 such that

I(OR;)) = OP; (1<i<3), (1.4)
OR1 1 ORQ, OR2 1 OR3 and OR3 1 ORll,
RZ’€7T (i.e., RZ#R;) (1§i§3),

where 7 is the plane through O and perpendicular to the direction of II; the point R is
symmetric to R; with respect to .
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(2) A secondary Pohlke’s ellipse for OP1,OPy, OPs is an ellipse € # Ep, centered at O, which
circumscribes the three ellipses Ep, p,, Ep, s, Epy.py-°

Theorem 1.4 Suppose the segments OPy, OP», OP5 are not contained in o line. Then the
following two properties are equivalent:

(1) there exists a secondary Pohlke’s projection II for OPy, OPs, OPs;
(2) there exists a secondary Pohlke’s ellipse & for OP;, OPs, OPs5.

If OPy,0P,,OP3 are non-parallel, then (1) and (2) are both equivalent to

(3) OP3=hOP, +kOPy with h,k # 0 satisfying
\h|+ 1kl <1 or |h]—|k||>1, (1.7)
or, equivalently,

(h+k+1)(h+k—1)(h—k+1)(h—k—1)>0. (1.8)

If OPy, 0P, OPs are non-parallel and (3) holds, the secondary Pohlke’s projection is unique up
to symmetry with respect to w; the secondary Pohlke’s ellipse is unique and (with reference to
Definition 1.3) € =1I(S N7) where S is the sphere, with center O, containing Ry, R, R3.

Again assuming the segments OP;, O P>, O P3 are not contained in a line, we also have:

Theorem 1.5 If any two of OPy,0P,,0Ps are parallel, then there are infinitely many secondary
Pohlke’s projections (ellipses) if these two segments are equal, none if they are different.

Remark 1.6 Condition (1.5) of Definition 1.3 and property (3) of Theorem 1.4 may appear to
be non-symmetric with respect to the points Py, P>, P3. However, this is not the case:

i) Suppose conditions (1.4),(1.5) are verified. Considering also the points RS and R:, we can
(i) Supp , g p 5 3
write a cyclic relation of orthogonality:

OR, L OR,, OR, L ORs, OR3 L OR},

/ / / / / (19)
ORl J_ ORQ, OR2 J_ OR3, OR3 J_ OR1

Hence, possibly replacing some R; with R, and vice versa, from (1.9) it is clear that (1.5)
continues to holds for any permutation of the points P, P, Ps.

(ii) Let us consider property (3) of Theorem 1.4. If h,k # 0 satisfy one of the conditions of
(1.7), it is straightforward to see that one of the following must be verified:

|1/h|+ |k/hl <1 or ||1/h]—|k/h|| > 1. (1.10)

Thus, setting ' = 1/h and k¥ = —k/h, we have

oP, :hIOP3+k/OP2, (1.11)

3 If two of segments OPy,OP,, OP; are parallel (in particular if one of them vanishes) then we need to introduce
degenerate ellipses. See Definitions 2.1, 2.2 and 2.4 below.



4 A NOTE ON A SECONDARY POHLKE’S PROJECTION

with A/, k" # 0 such that
W[+ K| <1 or [|W|—|K] >1. (1.12)

Similarly, we can see that OP, = h” OP; + k" OP3 with h” = —h/k and k" = 1/k such
that |h"| + |k"] <1 or Hh”|—|k”|‘>1. O

Remark 1.7 Condition (1.6) of Definition 1.3 is necessary because if (1.6) fails, then II is a
Pohlke’s projection for OP;, OP,, OPs; that is, II = IIp or II = Ip.

Indeed, if OR1,ORy,OR3 are equal segments such that (1.4), (1.5) hold, but R; = R; for some
1 < j < 3, then II satisfies the conditions (1.1), (1.2) just by suitably renaming the points R;,

R (1 <4 < 3). Conversely, if I = IIp or II = IIp, then one cannot find equal segments ORj,
OR3, OR3 such that (1.4),(1.5) and (1.6) hold. See Claim 2.8. O

Remark 1.8 With reference to Definition 1.3, suppose O Py, O P,, O P5 are non-parallel and such
that there exists a secondary Pohlke’s projection. Then we can obtain the explicit expressions
of Ry, Ra, R (as well as the direction of projection) if we know Z(OR1,ORs3). To this purpose
it is sufficient to apply the same arguments of [5]. |

To conclude we point out that property (3) of Theorem 1.4 is equivalent to the conditions
established in [8] for the existence of a secondary common tangential ellipse. More precisely, to
the conditions given by formula (3.55) of [8, Theorem 3.2] in the circular case (i.e., if one of the
three ellipses Ep, p,, €p,. Py, Epy,p, 18 a circle; see section 3 below) and by the inequalities (3.60),
(3.61) of [8, Main Theorem]| in the general case.

For instance, let us suppose that OP;, OP,, OP; are non-parallel and

OP, L OP, with ’OP1| = |OP2| =p>0. (113)
Then it is not difficult to see that in (3) of Theorem 1.4 condition (1.7) is verified iff

OPs| =7, Z(OP1,0P3) =¢,* (1.14)

with 7 >0 and ¢ € (0,0) U (5 —@,5)U (5,5 + @)U (T —@,m), where

arccos (pr‘Q\/ 2r2 — p2) if r> wa

1
5=12 V2! (1.15)

if T‘<L.

2 V2

But (1.15) corresponds to condition (3.55) of [8].
Furthermore, it is readily seen that condition (3.53) of [8], namely

2 4
1-2 (T> + <T> cos? 20 > 0, (1.16)
p p

is equivalent to (1.8). In fact, having (1.13) and OP3; = hOP; + k OP,, it follows that

AT h h? — k?
<p> :h "‘k 5 COS¢:W7 COSZQD: m (117)

*Here Z(OPy,OPs) is the non-orinted, convex angle between OP; and OP;.
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Hence, rewriting (1.16) using the expressions (1.17), we find the condition
1—2n% —2K> + h* — 2R%K2 + k* > 0, (1.18)

which coincides with (1.8).

2 Preliminaries

Let w be a plane in the Euclidean space E3. Let O be a fixed point of w.
Definition 2.1 Suppose OA, OB C w are two segments such that only one of them can vanish.

(1) If OA }¥ OB we denote with E4p the ellipse with center O and (OA,OB) as pair of
conjugate semi-diameters. We also say that €4 p is a non-degenerate ellipse.

(2) If OA || OB (in particular if one of them vanishes) we denote with €4 p the straight line
segment VW || OA, OB with O as midpoint and such that

VW| =2\/]OA]2 1 |OBP. (2.1)

We say that Ea.p is the degenerate ellipse given by the pair of conjugate, parallel semi-
diameters (OA,OB).5

For p > 0 we indicate with S(p) the sphere with center O and radius p:
S(p) ={P € E*:|OP| = p}. (2.2)
Definition 2.2 Let £ C w be a non-degenerate ellipse with center O.

(1) If € has semi-minor azis b > 0, for brevity we write Sg = S(b).

(2) We indicate with E the set of points P € w enclosed by £. More precisely, if £ has foci
F1, Fy and semi-magor axis a > 0, then

E={Pcw:|FRP|+|FRP|<2d}. (2.3)

(8) We indicate with Ilg : E* — w a parallel projection onto w such that Ilg(Sg) = £.
If Q C &, for simplicity we set

I;'(Q) = {PcE®: Mg(P) € Q} NS (2.4)

(4) We denote with =, the plane through O perpendicular to the direction of the projection
Ilg and with Cg¢ the great circle of Sg given by Ce = Sg N7,

Remark 2.3 We note, without proof, the following elementary facts:

% See also [1], pp. 372-373.
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(a) Given a non-degenerate ellipse £ C w with center O, there are (in general) two oblique
projections, say Il¢ and Ilg, such that

e (Se) = Ue(Sg) = €.
These projections are symmetric with respect to w in the sense that if the points P, P are
symmetric with respect to w, then Ilg(P) = [g(P). Further, Ilg = Il¢ iff £ is a circle;
in this case llg is the orthogonal projection onto w. So we may say that Ilg is unique up
to symmetry with respect to w. For this reason in the following we will not distinguish
between II¢ and II¢. We will limit ourselves to choose on of them, since the meaning will
always be clear from the context.

(b) Let IT : E* — w be a parallel projection and let m be the plane through O and perpen-
dicular to the direction of II. If S is a sphere with center O, then

E=II(SNnm)
is a non-degenerate ellipse, centered at O, such that Sg =5 and

H:Hg or H:ﬂg. (2.5)

(c¢) Let &1,& C w be two non-degenerate ellipses with center O. Then &, &> are homothetic
with respect to the center O iff Ilg, = llg, or Ilg, = Ilg,.

(d) Given P € &, we have N
I:'(P) ={Q.Q"} C Se, (2.6)
with @, Q' symmetric with respect to 7, ; moreover, @ = Q' iff P € £.
We note also that Cg = ﬁgl(c‘:) and Ilg(Ce) = €.

Definition 2.4 Let &£1,& C w be two given ellipses with center O and let &1 be non-degenerate.

(1) If & is non-degenerate, we say that & circumscribes & if E5 C & and &1, & are tangent
at two points S, T which are symmetric with respect to O.

(2) If & = VW is degenerate, we say that & circumscribes Ey if V,W € &1. In this case we
also say that & s tangent to &1 at the points V,W.

Before continuing we recall (see [7]) that affine transformations map pairs of conjugate semi-
diameters of a central conic into pairs of conjugate semi-diameters of the transformed conic
(for degenerate ellipses, in the sense of Definition 2.1, this is obvious). In the case of a circle
conjugate semi-diameters are perpendicular. We also remark that non-degenerate conics with
a given center O are uniquely determined by 3 (independent and compatible) conditions. For
instance if we know that a conic passes through two distinct points A, B and has tangent ¢ at
one of them (provided OA }f OB, AB }f t and O ¢ t).

If II: E? — w is a parallel projection onto the plane w and if w; C E? is any plane not
parallel to the direction of II, then the restriction

I :w —w
w1
defines an invertible affine map between wyi and w.

Taking into account these facts, we notice the following elementary consequences:
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Claim 2.5 Let £ C w be a non-degenerate ellipse with center O and let Il¢ : E? — w be a
projection as in (3) of Definition 2.2. Suppose further that £ circumscribes €4 .

a) If E4p =&, then II-'(A) = C, Iz*(B) = D with C, D € C¢ such that OC L OD.
b 8 5

b) If Eap # € and E4 p is non-degenerate then I (€4 5) = C UC' where C, C' are two
( 7 ) & £ ;
distinct great circles of Sg, which are symmetric with respect to the plane 7. There exist
C,D € C and C', D' € C’ such that {C,C"} =1I;'(A), {D, D'} =1I;"(B) and

OC 1 0D, 0C’ 10D, (2.7)

(c) If €4, = VWV is degenerate, ﬁgl(é’A,B) = C is the great circle of Sg¢ in the plane through
VW and parallel to the direction of projection. Then, by condition (2.1), we can still
select C,C’, D, D' € C such that {C,C'} = II;'(A), {D,D'} =1I;'(B) and (2.7) holds.

Proof of (a). By hypothesis OA,OB are conjugate semi-diameters of £. This implies that
OC and OD are conjugate semi-diameters of the circle C¢c. Hence they are perpendicular. O
Proof of (b). In this case we have {4, B} ¢ £ and OA }f OB. Let us suppose, for instance,
that A ¢ £. Then ﬁgl(A) ={C,C"} with C # C’ and the ellipses &, £4 p are tangent at a
point P # A. Thus OA }f OP.

Setting Q = ﬁgl(P), we define C and C’ as the great circles of Sg through C,Q and C’,Q
respectively. This definition gives C # C’. Indeed, if C = C’, then C belongs to the plane
through OQ and parallel to the direction of projection (i.e., CC’). But then OA = II(OC) ||
II(0OQ) = OP, contrary to our assumption. Besides, C and C’ are symmetric with respect to 7,
because @ € 7, and C,C’ are symmetric with respect to m,. Next, we observe that

Ig(C) =e(C') = Ea (2.8)

because the three non-degenerate ellipses IIg(C), IIg(C') and £4,p have the same center, they
pass through the point A, and they are tangent at the point P. Hence we can select D € C,
D’ € C' such that {D, D'} =II;'(B). Then (2.7) holds, because (OC,OD) and (OC’,0D') are
pairs of conjugate semi-diameters for C, C’ respectively. O
Proof of (c). Let us suppose first |OA|,|OB| # 0, that is A, B ¢ £. Then we have ﬁgl(A) =
{C,0"}, I;1(B) = {D, D'} with C # C' and D # D'. Setting X =1II;*(V) and Y = II; ' (W),
we easily see that XY is the diameter of C orthogonal to the direction of projection. Hence
XY L CC’',DD’ and, by condition (2.1), the points
E=CC'NXY and F=DD NXY
are such that
| XY| =2y/|OE|> + |OF|?. (2.9)

Now, since EC, FD 1 XY, from (2.9) we easily deduce that

|OE| = |[FD|, |OF|=|EC| aundthen OE-OF = +EC - FD. (2.10)

Taking into account that C,C’ are symmetric with respect to 7, we find

ﬁ-@:(@+ﬁ)-(ﬁ+ﬁ):ﬁ-ﬁ+ﬁ-ﬁ, (2.11)
W-@:(@—ﬁ)-(ﬁ+ﬁ):(ﬁ-(ﬁfﬁ.ﬁ. (2.12)



8 A NOTE ON A SECONDARY POHLKE’S PROJECTION

By the last of (2.10) we have OC L OD or OC’ L OD and, by symmetry, OC’ L OD' or
OC 1 OD'. Hence, possibly renaming the points C, C’ and D, D’, we can verify (2.7).
Finally, let us suppose |OA| = 0 (if |OB| = 0 the proof is the same). We have D = D’ € C¢
because B € £. Further, CC’ is the diameter of C parallel to the direction of projection. It
follows that OC' L. OD and OC’ L OD. Thus (2.7) holds true with D’ = D. O

From the previous definitions and Claim 2.5, we have:

Lemma 2.6 Let OP;, OP>, OP; C w be three arbitrary segments which are not contained in a
line. Then the following hold:

(1) Let I : E> — w be a parallel projection onto w and let OQ1, OQ2, OQ3 be equal line
segments such that:

(i) TH(OQ:) = OP;, (1<i<3)
(i) OQ1 L OQ2, 0OQ2 L OQs3

and
(i7i) OQs L OQ1 or (iv) OQ3 L 0OQ)

where, in case (iv), Q) is symmetric to Q1 with respect to the plane 7 passing through
O and perpendicular to the direction of the projection. Then, denoting with S the sphere
with center O and containing the points Q; (1 <1 <3), & =1I(SNm) is a non-degenerate
ellipse circumscribing Ep, p,, Ep, P, and Ep, p, .

(2) Conversely, let £ be a non-degenerate ellipse with center O and circumscribing Ep, p,,
Ep,.py and Ep, p,. Then, setting
II =1Ilg,

we can find Q1, Q2, Qs € Sg such that the segments OQ1, OQ2, OQs verify the conditions
(i), (i) and (iii) or (iv) of (1).

Proof of (1). Let us suppose, for instance, that II and OQ1, OQ2, OQ3 satisfy the conditions
(), (i) and (iv) of (1). To begin with, we set:

C=Snwm and €& =1I(C). (2.13)

Being the parallel projection of the great circle C C m, £ is a non-degenerate ellipse with center
O. Next, we consider the planes Ty 9, Mg g and 7r§71 passing through O and the couples of points

(Q1,Q2), (Q2,Q3) and (@3, Q) respectively. Let
Cipo=SNm, Coz=SNmy and C3;=SNmy, (2.14)
be the corresponding great circles of S. By assumption (i) of (1) and since
Q1) = T(Qu), (2.15)

it is clear that I1(Cy2), II(Ca3), I1(C3 ;) are three (possibly degenerate) ellipses with center O,
passing through the couples of points (P, Ps), (Pa, P3) and (Ps, Py) respectively.
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Moreover, by conditions (i) and (i), (OP1,O0P,), (OP,,OP3) and (OP3,OP;) are (even in
the degenerate case) pairs of conjugate semi-diameters for I1(C1 2), I1(Ca,3), II(C3 ;) respectively.
Hence we deduce that

I(Ci2) = Ep,p,, 1(C23) =Ep,p,, (C3y) =Ep,.p,. (2.16)

It follows that Ep, p,, €p,.ps, Epyp C £ = II(S) and that Ep, p,, €p,.ps, Ep,,p, are tangent to £
since the great circles Cy 2, Ca 1, C§71 must intersect C. Thus we have proved that £ circumscribes
5P1,P27 5P27P37 5P37P1'

If II and OQ1,0Q2, 0Qs3 verify conditions (i), (ii) and (iii) of (1) the proof is similar. O

Proof of (2). Let us suppose that the assumptions of (2) apply. Setting II = II¢, we must
show that there exist OQ1, 0Q2, OQ3 which satisfy the hypothesis of (1) of Lemma 2.6.

Starting with £p, p, and using the appropriate statement (i.e., (a), (b) or (c)) of Claim 2.5,
we can find Q1, Qs € Sg such that

H(Ql) = Pl, H(Qg) = P2 and OQl 1 OQQ .
Then we consider Ep, p,;. Using Claim 2.5 once again, we find Q3 € Sg such that
(Q3) = P; and O0Q2 L OQ3.

In this way the conditions (i), (i7) of part (1) are certainly verified. N
Finally, let us consider £p, p,. In this cases, since we have already choose Q)1 € Hgl(Pl) and

Qs € ﬁgl(Pg), by Claim 2.5 we can only say that

Qs LQr or Q31Q, (2.17)
where @} is symmetric to @1 with respect to the plane 7, .
Hence at least one of the two conditions (7i7), (iv) of (1) must be verified. O

Remark 2.7 In proving (2) of Lemma 2.6 it is worthwhile to note the following:

(a) If P, € € for some 1 < ¢ < 3, then both cases of (1) can be verified. More precisely, if
Q1,Q2, Q3 are such that (i), (ii), (4i7) hold, then possibly after exchanging Q; with Q; for
some 1 < j < 3, we obtain (7), (i), (iv). Similarly, if (i), (ii), (v) hold, after exchanging
Q; with Q' for some 1 < j <3, we get (i), (i), (ii).

For instance, let us suppose that (), (i), (¢i7) hold and that P» € €. Then, since Q2 = Q5
by symmetry with respect to the plane 7, we can write:

0Q1 L 0Qy. 0Q2 10Q;. 0@} LOQ,. (2.18)
Thus, by exchanging Q3 with Q% , we have (i), (i7), (iv).

(b) Conversely, if both cases of (1) can be verified, up to exchanging Q; with Q;- for some
1<j<3,then Q; =Q) and P; € £ for some 1 <7 < 3.
In fact, suppose the points @1, @2, Q3 are such that both cases of (1) can be verified up
to exchanging (); with Q} for some 1 < j < 3. In this situation we can easily see that

OQn L OQ; and 0Qp L OQ), (2.19)
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for some h # k, with 1 < h,k < 3.6
Now, if Qr = Q},, then Q) € 7w, and P, € £. Otherwise, Q;Q) is a nonzero segment
parallel to the direction of projection and from (2.19) it follows that

OQn L QrQy- (2.20)

By definition, this means that Q;, € 7, . Thus Q) = Q}, and P, € €. O

Summing up, we have showed that in proving (2) of Lemma2.6 one can verify both the
cases of (1) (that is (i), (i), (it3) or (i), (i), (v)) possibly up to exchanging some Q; with
Q;- < at least one of the points Py, Ps, Py belongs to £.

Continuing to assume that OP;, OP,, OP; are not contained in a line, we conclude this
section by showing that if a projection II : E* — w satisfies the conditions of (1) of Lemma 2.6,
then II is either a Pohlke’s projection or a secondary Pohlke’s projection for OP;, OP,, OPs.

Claim 2.8 Let II : E2 — w be parallel projection. Suppose there exist equal line segments
OR1,0R5,0OR3 such that:

II(OR;) = OP; (1<1i<3),
ORy L ORy, ORy L OR3 and ORs3 L ORj.
Then the following facts are equivalent:
(a) II is a Pohlke’s projection for OP;, O Py, OPs;
(b) R; e (ie, R, =R;) for some 1 <i<3.

Proof (b) = (a). If R; = R} for some 1 <14 < 3 (where R, is symmetric to R; with respect to
the plane 7) we can easily see that II satisfies the conditions (1.1), (1.2) for a suitable choice of
Qj € {R;, R} (1 <j <3). For instance, if Ry = R;, we can choose:

Qi =R), Q2=Ry, Q3=Rs. (2.21)

The other cases are similar. Thus II = IIp or II = IIp.

Proof (a) = (b). Conversely, assume that II = IIp or II = Ilp. Then there exist equal
segments 0Q1, 0Q2, OQ3 such that conditions (1.1),(1.2) hold.

We may suppose that Q); € S and R; € S (1 << 3) where S and S are suitable spheres with
center O. By (1) of Lemma 2.6,

E=TI(SNm) and &£=I(SNn) (2.22)

are two ellipses circumscribing £p, p,, €p, p, and Ep, p,. Since £ and & are homothetic with

respect to the point O, we deduce that £ =&. Thus S =S and

(R, R} = {QiQ)} (1<i<3). (2.23)

SIndeed, let {R;, Ri} = {Q:,Q}} for 1 < i < 3. Also, assume that both Q; L Q2, Q2 L Q3, Q3 L Q; and
Ri1 L Ro, Ry L R3, R3 L R} are verified. Then, rewriting the second expression in terms of @Q; and Q;, we can
see that (2.19) holds for any feasible choice of R;, R;.
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This means that the points Q1, Q2, @3 are such that both the cases (), (i), (iii) and (i), (i7), (iv)
of (1) of Lemma2.6 can be verified, possibly up to exchanging @); with Q} for some 1 < j < 3.
Hence, for some h # k (1 < h,k < 3), we must have

OQy L 0OQr and 0Qy L OQ%, (2.24)

as we have already seen in (b) of Remark2.7. This implies that Q; € m for some 1 < i < 3.
Thus, by (2.23), R; € m for some 1 <17 < 3. O

Next, repeatedly applying the implications (a) = (b) and (b) = (a) of Claim 2.8 and taking
into account Definitions 1.1 and 1.3, we can prove that:

Lemma2.9 If Il : E3 — w satisfies the conditions of (1) of Lemma 2.6, then 11 is either a
Pohlke’s projection or a secondary Pohlke’s projection (but not both) for OPy, OPy, OPs. In
particular, a secondary Pohlke’s projection cannot be also a Pohlke’s projection.

Proof. We distinguish three cases:

If 1T verifies the conditions (i), (i) and (iii) of (1) of Lemma2.6, then II = Ilp or II = Ilp.
Moreover, by the implication (a) = (b) of Claim 2.8, II is not a secondary Pohlke’s projection
for OPy, OP,, OP3 because if OR1, OR2, OR3 are equal segments such that (1.4), (1.5) hold,
then condition (1.6) cannot be verified.

Next, let us suppose that II verifies the conditions (7), (i) and (iv) of (1) of Lemma 2.6.
If Q; € 7 for some 1 < i < 3, then Il = IIp or Il = IIp by the implication (b) = (a) of

Claim 2.8. Further, using the implication (a) = (b) of Claim 2.8 as in the previous case, we
deduce that II is not a secondary Pohlke’s projection for OP;, OP,, OPs.

IfQ; € for 1 <i <3, then II is clearly a secondary Pohlke’s projection for OP;, OPs, OPs.
Furthermore, once again from Claim 2.8, applying the contrapositive implication = (b) = —(a),
we deduce that II cannot be a Pohlke’s projection for OPy, OPs, OP5. O

3 Pohlke’s type projections in the circular case
Let OP;,OP,,OP3; C w be three segments which are not contained in a line.
We consider now the problem of finding Pohlke’s and secondary Pohlke’s projections for
OP;,0Py,OP; assuming that
OP1 1 OP2 and |OP1’ = ’OPQ‘ =p> 0. (31)
That is, £€p, p, is a circle with center O and radius p.
In this case it is clear that an ellipse £ with center O and circumscribing £p, p, must have

semi-minor axis b = p. Hence we have

Se =5(p). (3.2)

11
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Pohlke’s projection

We already know that there always exists a Pohlke’s projection Ilp, which is unique up to
symmetry with respect to w. In view of (3.1), (3.2) it is easy to find it explicitly.

Indeed, since Py, Py € Sg, we must have P, = Q1 or Q] and P, = Q2 or Q). Having
OP; 1. OPy, it is not restrictive to define:

Qi="r, Q2="P (3.3)

(or, equivalently, Q7 = P and Q) = P,). "
The Pohlke’s projection for OP;, OP,, OP;5 is then determined by the choice of Q3 € S(p)
such that II(Q3) = P3 and OQ3 L OQ1,0Q3. It turns out that we must take

0Q3 = +— OP, NOP,, (3.4)

1
p

and that the direction of projection is given by the nonzero vector Cﬁ; , because Q3 & w.
Choosing the plus and then the minus sign in (3.4), we obtain two Pohlke’s projections
IIp, IIp (according to Notation 1.2) which are clearly symmetric with respect to the plane w.
We may conclude that there is unique Pohlke’s projection, up to symmetry with respect to
w, and that there are no restrictions on the segment OPs C w.

Secondary Pohlke’s projection

Still assuming (3.1), we shall see that there exists a secondary Pohlke’s projection if and only
if OP3; C w satisfies suitable conditions. To begin with, for secondary Pohlke’s projection it is
necessary to set

Ri=P, Ry=P (3.5)

(or, equivalently, R} = Py and R) = P). 8
Having fixed Rj, Ro as in (3.5) and taking into account Definition 1.3, we need to find
R3, R € S(p) such that:
(1) OP2 1 ORg and OP1 1 OR% (i.e., OR3 €L OP{ );
(2) R3s # R, (ie., Ry &m);
(3) R3Ry L OP; and R3R; [ OP», because we require that Ry, Ry & m;

(4) R3R% Jr w, because R3RY gives the direction of projection onto w;

(5) Rs, R%, P3 are collinear (i.e., II(R3) = II(R}) = P3).

TIf, for instance, we try to define Q; = P; and Q5 = P, and if this choice works, then it follows that
0Q1 L 0Q2 and OQ1 1 OQ5. Hence Q1 = Q) or Q2 = @4, by the same argument used in (b) of Remark 2.7.
This means that we have Q) = Pi, Q5 = P, in the first case and Q1 = P, Q2 = P» in the second one. In
conclusion, the choice Q1 = Pi, Q5 = P> (when it works) is equivalent to (3.3).

81n fact, if we try to define Ry = P; and R = P» (or, equivalently, Ri = P, and Ry = P»), then we have
OR: L OR; and ORy L ORj5. Hence Ry = R} or R2 = Rj, by the same argument used in (b) of Remark 2.7.
Thus IT cannot be a secondary Pohlke’s projection.
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Remark 3.1 We may observe that:
s
(WA(2)A(3) = OR3, OR, }y OP,AOP,.? (3.6)
In view of (3.4), this immediately implies that IT # Ilp, Ilp. O

To proceed further, we introduce a cartesian system of coordinate axes x,y, z oriented in
space and scaled such that w is the plane z =0,

0 1 0 z
o=|o]|, p=|0], P=|1 and P3=1| vy |. (3.7)
0 0 0 0

In particular, in this system we have

Then the conditions from (1) to (4) are satisfied iff R3, R are of the form

cos 0
Rs = 0 and R5=| cosf |, (3.9)
sin a sin 8
with «, 8 such that
cosa, cosB # 0 and sina # sin S, (3.10)

while taking into account (3.9), condition (5) holds iff

x CcOoS o —cos
y | = 0 +1 cos 3 for some teR. (3.11)
0 sin a sin 8 — sin «

Now, assuming that (3.10) holds, we will study the solvability of the system (3.11). We will
distinguish three cases to this aim:

Case z = (0. Since cosa # 0, the first equation of (3.11) gives t = 1. Then, considering also
the third equation, we have sin 5 = 0. Thus, cos 8 = +1 and sin«a # 0. Summarizing up, when
x =0 system (3.11) is solvable iff

0
Ps=4+11]. (3.12)
0
If (3.12) holds, then we have
COS «x
R3 = 0 and Rj = P3, (3.13)
sin o
°If OR3 || @@hen OP; L ORj3. By the conditions (1) and (2) it follows that R3R5 1 OP;, contrary

to (3). If OR3 || OP1 A OP> we can argue similarly.

13
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with « such that cosa # 0, £ 1. This means that there are no secondary Pohlke’s projections
if (3.12) fails, and infinitely many if (3.12) holds. O

Case y = 0. Similar reasoning leads to the result that when y =0 (3.11) is solvable iff

1
Ps=+| 0 |. (3.14)

0

If (3.14) holds, then we have
0
R3=P; and Rj;=| cosf |, (3.15)
sin 3

with 8 such that cosf8 # 0, +£1. Hence there are no secondary Pohlke’s projections if (3.14)
fails, and infinitely many if (3.14) holds. O

Summing up the previous cases:

Lemma 3.2 If condition (3.1) is verified and if OPs3 | OPy (or ||OP,) then there are infinitely
many secondary Pohlke’s projection for OPy, OPy, OPs if |OPs| = |OP1| (or |OP,|), none if
|OPs| # |OFy| (or [OP]).

Case z,y # 0. If z,y # 0 we have an additional condition on «, 8. Namely,
sina, sinf # 0. (3.16)

Indeed, if sina = 0, (3.10) and the third equation of (3.11) give ¢ = 0. Then, the second
equation of (3.11) implies y = 0, contrary to our assumption. Similarly we find that sin 8 # 0.

Taking into account this fact, we will deduce a set of necessary conditions for a point P3 =
!(z,y,0) to be collinear with Rs, R} (i.e., to satisfy (3.11) for some ¢ € R) when (3.10) and
(3.16) are verified. After that, we will prove that these conditions are also sufficient.

To begin with, by (3.10) and the third equation of (3.11), we have

sin «
t=————. 3.17
sina — sin 3 ( )

Applying (3.16) it follows that ¢ # 0,1 and that

cos asin
r=cosq— — = 1z # 0, cosa; (3.18)
sina — sin 8

= m = y # 0, cosf. (3.19)
sina — sin 8

Then

=1. (3.20)
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From (3.19), (3.20) we obtain
T cos 3
COSx = m s
| Jsin 8 (3.21)
sina = —— |
y —cosf3

because, by (3.19), we know that y # cos .
Next, since cos?a + sin?a = 1, from (3.21) we have

22 cos? B+ y?sin? B = (y — cos B)% (3.22)
Hence, simplifying the expression above, we find
[(x2 —y? —1)cos B+ Qy} cos 3 = 0. (3.23)
Since cos 3 # 0 and (by (3.19)) y # 0, we deduce that:
2?2 —y?—1+4£0, (3.24)
and then gy
cos ff = o (3.25)

Noting that x # 0, cos« (see (3.18)) by similar arguments we can derive that

v -2 —1+#0 (3.26)
and 5
—zT
== 3.27
cos " (3.27)

Finally, since (3.16) is equivalent to cosc, cos 8 # £ 1, from the expressions (3.25), (3.27) we
deduce the conditions:

-1 < 1 3.28

SEpo1 b (3.28)
—2x

1l <7 <1. 3.29

Summing up, if (3.10), (3.16) are verified and if P3 = !(z,y,0) is given by formula (3.11),
then z,y # 0 and the necessary conditions (3.24), (3.26) and (3.28), (3.29) are satisfied.

Remark 3.3 Note that cosa, cos S are uniquely determined and they are rational functions of
x,y. We haven’t similar expressions for sin«, sin 5. But we can easily see that

sin 8 y?—a2?—1
= — . 3.30
sin 2 —y2 -1 (3:30)
Indeed, from (3.19) we have
sinf_ | cosB (3.31)
sin «v y

Then, by substituting (3.25) into (3.31), we get (3.30).

We will use this fact in proving that for =,y # 0 the necessary conditions (3.24), (3.26) and
(3.28), (3.29) are also sufficient for a point P3 =*(z,y,0) to be collinear with Rz, R} given by
(3.9) for suitable «, S satisfying (3.10), (3.16). ]

15
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In order to better describe the solution region of the inequalities (3.24), (3.26) and (3.28),(3.29)
we prove the following:

Lemma 3.4 The inequalities (3.24), (3.26) and (3.28), (3.29) are verified if and only if
||+ |yl <1 or ‘|x| — |yH >1. (3.32)

Proof. We must show that the solution region of the inequalities (3.24), (3.26) and (3.28),(3.29)
is given by the conditions (3.32). First of all, we can see that:

2 1\2
x2 (y2 L
“l<———F—<1 <= (I (3.33)
a? —y? -1 2 2
= (y+1) 50
22 —y2 -1
and ) )
—(z—1
y2 (962 ) 50
9y ys—xc—1
< <] e (ID) (3.34)
y?—a? -1 2 2
y*—(r+1) >0
y2_x2_1

Both systems of inequalities (I) of (3.33) and (II) of (3.34) are invariant under symmetry
with respect to the coordinate axes, i.e., on replacing (x,y) with (£z, £y). Besides, it is evident
that we can obtain system (II) of (3.34) from (I) of (3.33) by permutation of the variables z, y
and vice versa. So it is sufficient to solve only one of them and for (z,y) in the first quadrant.
For instance, let us consider system (II) of (3.34). For z,y > 0 we easily have:

2 2
y-—(z—1) y— |z —1|
a1 >0 y2_x2_1>0
(II) — (III) (3.35)
2 2 —r—
y*—(x+1) y—x—1
o1 0 R
because in the first quadrant
¥ —(z-1)*>0 & y—|z—1>0, (3.36)
Y —(z+1)?>0 & y—z—-1>0. (3.37)

Thus it is enough to solve system (III) of (3.35) for z,y > 0. Noting that y— |z —1| > y—z—1
if x >0, we can see that for x,y > 0 the following hold:

(i) (x,y) is a solution of (IIT) such that y? — 2% — 1> 0 iff y > 2+ 1, thatis y —z > 1;

(ii) (z,y) is a solution of (III) such that y?> — 22 — 1 < 0 iff y < |z — 1], that is

r+y<l or y—z<-—1. (3.38)
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Hence we deduce that the solution region, say €2, of system (III) of (3.35) (that is, system (II)
of (3.34)) in the first quadrant is given by the pairs z,y > 0 such that

r+y<l or |y—=z|>1. (3.39)

Since ) is symmetric with respect to  and y, it follows that €2 is also the solution region of
system (I) of (3.33) in the first quadrant. Finally, taking into account the symmetry of both
systems (I) of (3.33) and (II) of (3.34) with respect to the coordinate axes, the solution region
of the inequalities (3.24), (3.26) and (3.28), (3.29) is given by the conditions (3.32). O

So far, we have proved that:
Lemma 3.5 If (5.10), (5.16) hold and if P =*'(z,y,0) is given by (3.11), then z,y # 0 and
||+ |yl <1 or Hx| - |yH > 1. (3.40)
The converse is also true:

Lemma 3.6 If a point P ="(x,y,0) has coordinates x,y # 0 such that (3.40) holds, then P is
given by formula (3.11) with o, 5 satisfying (3.10), (3.16).

Proof. By condition (3.40) and Lemma 3.4 we can set

—2 -2
cosazix and cosfB = i

e (3.41)

22 —y2 -1

We have —1 < cosa, cosB < —1, i.e., sina, sin3 # 0. Besides cosa, cos 8 # 0 because we
are assuming z,y # 0. Then the first two equations of (3.11) are satisfied with

2 2
— 1
T ki ey (3.42)
2
With ¢ as in (3.42) the third equation of (3.11) is verified iff
sin 3 y?—ax?—1
—_— = = 3.43
sin «v 2 —y2 -1 (343)
But using (3.41) to write explicitly sin? and sin? 3, it follows that
o glz,y) 9. glzy)
SIin” o = m and Sin ,8 = m, (344)
where
g@y) @ +y+Dat+y—Da—y-1@—y+1) >0, (3.45)

if (3.40) holds. Thus (3.43) is verified iff

(sina, sinf) = £ (y;—g(;?’ 2)1 , ;2 V—gy(;’—y)l ) (3.46)

Finally, it is immediate that (3.43) implies sina # sinf. So both conditions (3.10) and
(3.16) are satisfied. O

17
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Remark 3.7 It is easy to verify that (3.40) holds if and only if
z+y+D)z+y—1)(z—y—1)(z—y+1)>0. (3.47)
Thus the conditions (1.7) and (1.8) are equivalent. O

As we have already observed,
z,y #0 and (3.10), (3.11) = (3.16),

so we may conclude the following:
Let us suppose x,y # 0. Then system (3.11) with the conditions (3.10) is solvable < (3.40)
holds. Moreover, if x,y # 0 and (3.40) is verified, then

—2x
1
R3 =

- - 0
2 _ 2 _ 1
Y +g(z,y)

where g(z,y) is the function defined by (3.45).

In particular, choosing the plus and then the minus sign in (3.48), we obtain two secondary
Pohlke’s projections II, II which are symmetric with respect to the plane w. Noting that x,y #
0 & OP3 H OPl, OPQ, we have:

: (3.48)

Lemma 3.8 If (3.1) is verified and if OPs }f OP1,OP,, then there exists a secondary Pohlke’s
projection for OP;, OPs, OPs if and only if

OPy = 2OP, + yOP;, (3.49)

with x,y such that (3.40) holds. Besides, the secondary Pohlke’s projection (when it exists) is
unique up to symmetry with respect to the plane w.

4 Proof of Theorem 1.4

(2) = (1). Taking into account (2) of Lemma2.6 and Lemma 2.9, we can say that:

if € is a secondary Pohlke’s ellipse for OPy, OP,, OPs, then llg is a secondary Pohlke’s
projection for OPy, OP,, OPs.
Indeed, by (2) of Lemma2.6, II¢ verifies the assumptions of (1) of Lemma2.6. But, having
&€ =1lg(Se Nm,) with € # &, Ilg cannot be a Pohlke’s projection for OP;, O P>, OP3. Thus, by
Lemma 2.9, IT¢ must be a secondary Pohlke’s projection for OP;, OPs, O Ps.

(1) = (2). It follows from (1) of Lemma 2.6 and from Lemma2.9. Indeed, let II be a secondary
Pohlke’s projection for OP;, OP,, OPs. By Definition 1.3 there are equal segments OR;1, ORs,
OR3 such that (1.4), (1.5) and (1.6) hold. Then II satisfies the conditions (i), (i¢) and (iv) of
(1) of Lemma2.6 with @; = R; (1 <1i < 3) and, by Lemma 2.9, II is not a Pohlke’s projection
for OP;,0OP,,OP;. Now, let us consider the ellipse

E=TI(SNm), (4.1)



R. MANFRIN

where S is the sphere, centered at O, containing the points R, Re, R3 and 7 is the plane through
O and perpendicular to the direction of II. By (1) of Lemma2.6, £ circumscribes Ep, p,, Ep,,ps,
Ep,,p- Moreover, £ # & because 1I is not a Pohlke’s projection. Thus, by Definition 1.3, £ is
a secondary Pohlke’s ellipse for OP;, OP,, OP;.

(1),(2) & (3). To prove the equivalence of the conditions (1), (2) with (3) when OP;, OP,
and OPs are non-parallel, we resort to an appropriate circular case.
More precisely, let N1, Na € w such that

ON1 1 ON2 and ’ONl‘ = ’ONQ‘ =1. (42)

Since OP; }f OP,, we may consider the affine transformation ® : w — w such that

@(O+x5ﬁ+y5]%)c§f0+x0N1+y0Ng for z,y e R. (4.3)

It is clear that ®(P;) = Ny, ®(P2) = Ny. Besides, if OP3 = hOP) + kOP,, then

N ¥ o(P;) = 0 + hON, + kON. (4.4)
Hence
ON3 =hON;+kEONy and ONj; H ON7, ON>, (4.5)

because OFP3 }f OPy,OPs (i.e., h,k #0).

As we already remarked after Definition 2.4, an affine transformation maps pairs of conjugate
semi-diameters of a central conic into pairs of conjugate semi-diameters of the transformed conic.
This means that (I)(gphpz) = ENNys CI)((SpQ’pS) = EN,, N, and (I)((S’p&pl) = Eny,N, - Further, if &
is an ellipse centered at O which circumscribes the three ellipses £p, p,, €p,.p, and Ep, p,, then
O (&) is an ellipse centered at O which circumscribes En, n,, Eny, N, and Eng N, -

Now let us suppose that (2) holds, namely that there exists a secondary Pohlke’s ellipse &
for OP,,OP,, OP;. Then &£ and & are two different ellipses centered at O which circumscribe
Ep,,pyy €py,Pyy Epy,p,- Consequently

®(€) and (&) (4.6)

are two different ellipses centered at O which circumscribes En, Ny Eny,N3» Eng, N, - Since the
Pohlke’s ellipse for ON1, ON>, ONj3 is unique, one of them must be a secondary Pohlke’s ellipse
for ON7, ON2, ON3. Hence, having already proved that (1) < (2), there exists a secondary
Pohlke’s projection for ON1, ONg, ON3. By (4.2) and (4.5) we can apply Lemma 3.8 to ONy,
ON3,ON3. Thus we conclude that h, k must satisfy the condition (1.7).

Conversely, let us suppose that (3) (i.e., condition (1.7)) holds. Then, by Lemma 3.8, there
exists a secondary Pohlke’s projection for ONj, ONy, ONy. By the equivalence (1) < (2), we
deduce the existence of a secondary Pohlke’s ellipse for ONy, ONs, ON3. Then we have two
different ellipses centered at O, say € and gp (with gp the Pohlke’s ellipses for ON7, ONy, ON>)
which circumscribe En, Ny, Eng Ny, Eny, N, - This means that

1) and &) (4.7)

are two different ellipses centered at O which circumscribes £p, p,, €p, p,, Epy,p,- Since the
Pohlke’s ellipse is unique, one of them must be a secondary Pohlke’s ellipse for OP;, OP5, OP5.
Thus, we have proved that (2) holds.

19
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Uniqueness. Suppose OP;, 0P, OP5 are non-parallel and condition (3) holds.

Having already proved that (1) < (2), it is enough to demonstrate the uniqueness of the
secondary Pohlke’s ellipse. By contradiction, if £ and & are two distinct secondary Pohlke’s
ellipses for OP;, OP,, OPs, then

(13(51),(13(52) and (I)(gp) (48)

are three distinct ellipses circumscribing En, Ny, Eny, N3, ENg N, - Since the Pohlke’s ellipse for
ON1,0N;5,0N3 is unique, two of them must be secondary Pohlke’s ellipses for ON1, ONs, ON3.
But if £ and & are these two ellipses, then

s and Ilg (4.9)
must be two distinct (that is, Ils # Iz, Ilz; see (a) of Remark 2.3) secondary Pohlke’s projec-
tions for the three segments ON1,ONo,ON3 and, by Lemma 3.8, this contradicts the uniqueness
property of the secondary Pohlke’s projection in the circular case. O

5 Proof of Theorem 1.5

Let us suppose, for instance, that OP; }f OP, and OP, || OPs;. With the same notations of the
proof of Theorem 1.4, we consider the affine transformation ® : w — w defined in (4.2), (4.3).
Then we distinguish two cases:

1) O—>P3 = :tO—P;. We have (ﬁ = :I:O—Ng> and by Lemma 3.2 there are infinite, distinct sec-
ondary Pohlke’s projections for ONy, ON2, ON3. Hence, by the equivalence (1) < (2) of Theo-
rem 1.4, there are infinite, distinct secondary Pohlke’s ellipses € circumscribing ENLNos ENg N3
and En;, N, - Applying the affine transformation ®~! we find infinite secondary Pohlke’s ellipses
E =31 for OP;,0P,,OP; and finally infinite, distinct secondary Pohlke’s projections.

2) O—Pg> # :l:O—P;. We argue by contradiction: if there is a secondary Pohlke’s projection for
OPy, OP,, OP3 then, by the equivalence (1) < (2) of Theorem 1.4, there is also a secondary
Pohlke’s ellipse &€ for OP;,OP», OP5. As in the proof of (1), (2) < (3) of Theorem 1.4, applying
the transformation ® we deduce the existence of a secondary Pohlke’s ellipse £ for ONy, ONo,
ONj3. Hence, once again by the equivalence (1) < (2), we conclude that there exists a secondary

My
Pohlke’s projection for ON1, ONy, ON3. But this fact contradicts Lemma 3.2, because ONj ||

ONy and ON3 7§ +ONs. O
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