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ON POLHKE’S TYPE PROJECTIONS IN THE CYLINDRICAL CASE

RENATO MANFRIN

ABSTRACT. Given three non-parallel segments OP;, OP,, OP; in a plane w, we consider
the ellipses £p, p,, Ep, p,, Ep, p, having as conjugate semi-diameters the pairs (OP;, OP,),
(OP,,OP;) and (OPs, OPy), respectively. We find the necessary and sufficient conditions
for (i) the existence of a common point P € Ep, p, N Ep, p, N Ep, p, and (ii) the existence of
a pair of parallel and distinct lines tangent to the three ellipses. In this later case, we solve
the problem by introducing the definition of cylindrical Pohlke’s projection.

1. INTRODUCTION AND MOTIVATIONS

Given two non-parallel segments OP;, OP, in a plane w, we set

OPy — hOP, + kODP, for Ik #0

(1.1)

and then we consider the three concentric ellipses £p, p,, £p,,p,, £p, p, determined by the
pairs of conjugate semi-diameter (OP;, OP,), (OP,, OP;) and (OP3, OP; ), respectively.
It is possible to show that there exist at most two distinct ellipses, with center O, which

circumscribes Ep, p,, £p, p, and Ep, p,. More precisely,

1) the Pohlke’s ellipse £, which exists for every choice of i1,k # 0 (see [1, 2, 3]). A

pair of conjugate semi-diameters of & is given by the vectors (see [4, 6]):

kOP; — hOP, nd L JLTRRER oo
VIZ+ R RV
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— = —
Figure 1. Pohlke’s ellipse with P, = (1.5,1), P»(0.8, —2.2), OP; = 20P; + 0.70P;.

2) the secondary Pohlke’s ellipse Es (see [9, 5, 6]). For h, k # 0, it exists if and only if

e k) Eh+k+1)(h+k—1)(h—k+1)(h—k—1) > 0. (1.3)

The area of & is always strictly greater than that of & and a pair of conjugate
semi-diameters of & is given by the vectors ([5, 6]):

— —
KOP; — HOP, g+H24+K /1 —
W an m (HOPl +KOP2>, (1.4)
where
H k) ¥nm? -k —1), Kk) Lrm? -2 +1). (1.5)

Figure 2. Secondary Pohlke’s ellipse with P; = (1.5,1), P,(0.8, —2.2), OP; = 20P; + 0.70_>Pz.

When instead of (1.3) we have g(h,k) < 0,' two other possibilities arises (hyperbolic
Pohlke’s conics) depending on wether the quantity

g+H*+K = (P +k—1)[(W —k)*—1] (1.6)

is negative or positive. In [7, 8] it was proved that:

3) there exists at most one concentric ellipse &; inscribed in Ep, p,, p,,p,, Ep, p, and
it exists if and only if ¢(h,k) < 0 and ¢+ H?> + K? < 0. A pair of conjugate

! Note that g(h,k) < 0 = I,k # 0.
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semi-diameters is given, as for &, by the expressions

— —
B 20K,y
KOR —HOP  jpg (8 H K (HOP1+KOP2>; (1.7)
HZ + K2 g(H? + K?)

—
Figure 3. Inscribed ellipse & with P, = (1.8, 1.4), Py(1.3, —2.2), OPs = 0.80P, + 0.950D5.

4) there exists at most one concentric hyperbola H¢ which circumscribes Ep, p,,
Ep,py, Epyp, and it exists if and only if g(h,k) < 0 and g+ H2+K?* > 0. A

pair of transverse (X) and “imaginary” (X;m) conjugate semi-diameters is given
by the vectors

s s
KOP, — HOP FHAAK (o
= ﬁ and T im = 1/_2(H2+K2) (HOP +KOB,),  (19)

respectively. 2

2. MAIN RESULTS

Here we investigate the residual cases that are not covered by the previous results:
(i) g(h k) <Oand (h2+Kk* —1)[(B2—Kk2)2—1] =0;

2 This terminology is not very common. In other words, we mean that a parametrization of H¢ is given by
the expression P(t) = O % cosh tft, + sinh t?im, fort € R.
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(ii) i,k # 0 and g(h, k) = 0.
In case (i) we will show that, for ¢(h, k) < 0,

Ep,p, NEpypy NEpp, # @ ifandonlyif (K +k —1)[(F* —k*)*—1] =0. (2.1)
Furthermore, we have
(C/‘pl,p2 N (C:pz,p3 ﬂgp3,pl = {:l:Pl} or {:i:Pz} or {:f:Pg}, 3 (2.2)

depending on whether i — k> =1 = 0or h> — k> +1 = 0 or h* + k> — 1 = 0 are respec-
tively valid. So &p, p, N Ep,,p, N Ep, p, contains one and only one of points Py, P>, Ps.

— — —>
Figure 5. With P, = (2.2,0.6), P»(—1.5,1.9) and OP; = 1.250P] + 0.750P,,
&p and the intersection of £p, p,, p, p, and Ep, p, at £P;.

In case (ii) we will prove that there exists a unique a pair 7_, 7 of distinct and parallel
lines, tangent to Ep, p,, Ep, p, and Ep, p,. More precisely, setting 7 = sgn (hk(h* + k* — 1)),4
T, T are the lines passing through the points

OP1 — 7’]OP2 OP1 — 7’]OP2
O-—-——-, O+ ——F1— (2.3)
V2 V2
respectively, and parallel to the vector
OP; +10OP,. (2.4)

This is the result that one can expect observing in (1.4) (or (1.8)) the limit behaviour of the
conjugate semi-diameters of the ellipse & (or hyperbola Hc) as (i, k) tends in {g > 0}
(in {g < 0}) to a limit point (i, k) such that /1, k # 0 and g(h, k) = 0.

3 With —P we denotes the symmetric of P with respect to O; {+P} = {—P, P}.
4 Here sgn(t) = 1fort > 0and sgn(t) = —1 for t < 0. Note that h2 +k?> — 1 # 0, if I,k # 0 and g(h, k) = 0.
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Figure 6. Tangent lines 7_, T4 with P = (0.8, 1.5), P,(1.8, —1.3), OP; = 0.70P, + 1.70Pj.

We will prove this fact by showing that the existence of the pair 7_, 7, is equivalent to
the existence of a cylindrical Pohlke’s projection IT : IE3 — w. See Def. 4.5 below.

2.1. Some degenerate cases. We conclude this introduction recalling that, in some cases,
is possible to make sense of &, & and Hc when OP; || OP; or OP; || OP;, ie., in (1.1)
h or k are zero. This can be done introducing degenerate ellipses with parallel conjugate
semi-diameters ([1, 5]). For instance, if A # O and OA || OB, ° the degenerate ellipse
Eap is simply the segment MN || OA such that

M+ N

2

and we say that & (or &, Hc) circumscribes 4 p it M, N € & (or &, Hc). With this
argument it is possible to define the Pohlke’s ellipse & even if both i, k are zero (expres-
sions (1.2) remain valid if at leat one of &, k is non-zero). We can also make sense of &
and Hc for (h, k) = (£1,0) or (h, k) = (0, £1). But in these degenerate cases £ and H
are not unique and, clearly, the expressions (1.4), (1.8) are no longer valid. See [5, 6, 7, 8].

IMN?> = 4(|OA[* + |OBJ?), ~0,5 (2.5)

3. CASE(1): ¢ <0AND g+ H?2+ K2 =0
First we note that the condition (i) is equivalent to
hk#0 and (K +k—1)[(K*—k)*—1] =0. (3.1)
Then, we prove the following:

Theorem 3.1. Suppose OP; }f OP, and (1.1). Then,

5p1,p2 N 5p2,p3 N gp3,p1 = {:l:Pg} = 1 + K—1= 0; (3.2)
(f:p],p2 N (c;pz,p3 N 5p3,p] = {:l:Pz} A ey < +1=0; (3.3)
(C;pllp2 N ng,Ps N (c/’p&p1 = {:l:Pl} <~ I’lz — kz —1=0. (34)

Proof. Let us suppose Ep,,p, N Ep,p, N Ep,p, = {£Ps}.
This means that P; € &p, p,. Noting that £p, p, can be defined by the parametric equation

— —
P(t) =0+ costOP; +sintOP,, t€[0,2n), (3.5)

51n particular, if OB is a null segment, thatis B = O.
6 Given P and Q, with % we indicate the midpoint of the segment PQ.
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it is clear that

— _— _—
OP; = costOP; +sinfOP;, (3.6)
T . P P . . L
for some f € [0,277). Since OP; and OP, are linearly independent, this gives
h = cost, k=sint. (3.7)

Conversely, let us suppose h? + k> —1 = 0. It is clear that (3.7) holds for a unique
P € [0,27r). Hence, taking into account the parametric equation (3.5), it follows that
+P; € (C/’pl,p2 and than that {:l:Pg} C (":pl/p2 N (c/'szJ3 N £P3,P1'
To prove that there are no other points in £p, p, N Ep, p, N Ep, p, it is enough to observe
that {ZEP3} C 8P1,P2 N 8P2/P3 N (c/‘IJB,p1 implies;

° (c/’pl,p2 N 5p2,p3 N gp3,pl C (c/‘pl/p2 N 8p2,p3 = {:l:Pz, :|:P3}, because P, # +P;3; 7

° gpl,p2 N gp2,p3 N 5133,191 C 5131,132 N (C/‘p3lp1 = {:*:Pl, :|:P3}, because P; 75 +P;. 7
It is now sufficient to observe that P; # +P,.
So far we have proved the equivalence (3.2). The proofs of (3.3) and (3.4) are similar,

because it is sufficient to exchange the roles of P;, P>, Ps. For instance, if WR—k2+1=0,
we write

o—>132:—%o—131>+%o—1>§, (3.8)
with
\*  [(1)\*
—— -] —=1=0. .
(1) < (3) —1=0 (39)
We therefore immediately find ourselves in the case (3.2). 0

4. CASE (11): h,k #0AND g =0

To deal with case (ii) we resort to the parallel projection of a suitable cylinder with the
axis perpendicular to w. To this end, in the Euclidean space E3 we fix from now on a
Cartesian system of coordinates x, y, z with the corresponding orthonormal basis i, j, k.

We also assume that

deEf{(x,y,z) E]R3}z:O}, 4.1)

ant that O € w is the origin of the coordinates.

Definition 4.1. Given a plane 7 and a non-zero vector w, w }t 7t, we say that P, Q are obliquely
symmetrical with respect to 1, in the direction of w, if PQ || w and % emn.b®

Definition 4.2. Given a non-zero vector v }f k, that is
v=Ili+mj+nk with LmneR, *>+m>>0, (4.2)

we denote with 1ty the plane
my : Ix+my =0. (4.3)

We say that P, P are 1ty —symmetric if P, P" are obliquely symmetrical with respect to the plane
Tty, in the direction of v.

7 1tis elementary that £p, p, N Ep,,p, contains, at most, four distinct points. The same goes for Ep, p, N Ep, p,-
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For p > 0, we denote with ¥ = % (p) the cylinder

def
%(p) = {(x,y,2) e R?| x> +y* =p°}. (4.4)
Furthermore, given a point P € ¢, we indicate with T, (P) the tangent plane to ¢ at P.
Namely, if P = P(xp, yp, zp), the plane
Ty (P) : xpx +ypy = p°. (4.5)

Definition 4.3. Given a non-zero vector v [ w, we denote with Il : R3 — w the parallel
projection onto w, in the direction of v. We say that Iy : R> — w is non-degenerate for € (or
simply non-degenerate) if we also have v Jf k.

Definition 4.4. Let Iy and 11y, be two non-degenerate projections onto w. We say that 11, is
equivalent to 11y if and only if 7wy = 7Ty.

Noting that ¢ is 7ty—symmetric if v }Jf k (see Claim 5.1), we give the following definition:

Definition 4.5. Let OP;,OP,, OP; C w be three segments which are not contained in a line.

A non-degenerate parallel projection Tly : R® — w is a cylindrical Pohlke’s projection for
OPy,OP,, OP; if there are a cylinder € = € (p), for some p > 0, and three points Q1, Q2, Q3 €
€ such that

I,(Q) =P (1<i<3), (4.6)
OQ1 || T¢(Q2), OQa || T¢(Q3) and OQs || T¢(Q1), (4.7)

where Q| € € is rty—symmetric to Qq in the sense of Def. 4.2 above.

Remark 4.6. Def. 4.5 is an adaptation to the cylindrical case of the secondary Pohlke’s pro-
jection definition given in [5, Def.1.2]. With condition (4.7) we require that the intersections
of € with the planes passing through O, Qq,Qa, through O, Q2, Qs and through O, Q3, Q]
are three ellipses having as conjugate semi-diameters the pairs (0Q1,0Q2), (0Q2, OQs3) and
(0Q3,0QY), respectively. See Claim 5.14 below.

If the segments OP;, OP,, OP;5 are not parallel to each other, we can think (OP;,OP,),
(OP,,0P;3) and (OP;,OP;) as pairs of conjugate semi-diameters of three concentric el-
lipses in the plane w.

Definition 4.7. Given OP,0Q C w, OP }f OQ, we denote with Ep ¢ the ellipse with OP, 0Q
as conjugate semi-diameters.

Then, considering the ellipses Ep, p,, £p, p, and Ep, p,, we give the following definition:

Definition 4.8. Suppose OP;, OP,, OP; are non-parallel. We say that T = T_ U T, is a cylin-
drical Pohlke’s conic for OPy, OP,, OP3 if T_, T} C w are distinct and parallel lines, tangent to
three ellipse Ep, p,, Ep, p, and Ep, p,. 8

With the previous definitions, we have:

Theorem 4.9. Suppose the segments OPy, OP,, OP5 are non-parallel. Then the following three
properties are equivalent:

8 In other words, T is a degenerate conic formed by a pair of distinct, parallel lines 7_, 7, which are
symmetric with respect to the origin O, and tangent to £p, p,, £p,,p,, Ep, P, -
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(1) there is a cylindrical Pohlke’s projection Iy for OP;, OP,, OPs;
(2) there is a cylindrical Pohlke’s conic T = T_ U T, for OP;,OP,, OPs;

(3) O—>P?, =h O—Pl> + kO—Pz> with h, k # 0 satisfying the condition

g k) E h+k+1)(h+k—1)(h—k+1)(h—k—1) = 0. (4.8)

If the above conditions are true, then T is unique and T_, T, satisfy (2.3), (2.4); Iy is unique
up to equivalence in the sense of Def. 4.4 and € = € (p) with p half the distance between the
lines T_, T+ . Besides, we have T = I1y(%€ (p) N 7ty).

5. SOME BASIC GEOMETRIC FACTS

Here we will state (and partly prove) some elementary facts regarding the cylinder ¢ =
% (p) defined in (4.4). We start with some symmetry properties.

Claim 5.1. Let 7ty be the plane introduced in Def. 4.2. Then € is 1ty —symmetric.
Proof. Indeed, let r be any line parallel to v, that is,

X =x,+ It
r: Y =Yy, +mt (t € R), for a suitable P(x,,Yo,Z20)- (5.1)
z = zg +nt

Introducing the expressions (5.1) into the equation of ¢, we see that the points of r N ¢
are determined by the real solutions of

(2 + m2) 82 + 2(Ixy 4+ my, )t + x2 + 2 = p°. (5.2)
Since 2 + m? # 0, equation (5.2) is of second degree with roots t1, , such that
b+t Ixo+my,

T T Ram (5.3)
Now, if P € €, the solutions of (5.2) are
Ix, + my,
tl =0 and t2 = -2 W (5.4)
Hence rN¢ = {P(t1), P(t2) } with P(t;) = P and P(t;) such that
Ph) +P() _p(hth) (5.5)
2 2
because of (5.1), (5.3). Thus P(t,) = P'. O

Remark 5.2. From the proof of Claim 5.1 one can also see that r is tangent to € at P iff P €
€ N 1ty. In fact, if P € €, we have t; = t, < Ix, + my, = 0.

Definition 5.3. Given v }f k, we indicate with S, the oblique symmetry with respect to 71y, in
the direction of v. That is the map P(x,y,z) S, p (x',y,2") given by

Ix +my 0

T (5.6)

Sv(x,y,z) = (x —=2Al,y —2Am,z —2An) with A =

Then, we can observe that
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Remark 5.4. We can also get Claim 5.1 directly from the oblique symmetry Sy introduced in
Def. 5.3. Indeed, it is easy to see that Sy(P) € € iff P € €.

5.1. The projection of ¢ and ¢ N 7ty into w. To continue we suppose v }f w, k. Namely,
we assume that

v=Ili+mj+nk with ?+m?>0, n#0. (5.7)
We can therefore define the non-degenerate projection ITy : R3 — w.
Definition 5.5. Let I1y : R® — w be non-degenerate. With ¢ = %€ (p), we set
def

Iy = Iy (¢ Nmy). (5.8)
It is elementary to see that
T =T, VT, (5.9)
where .7, 7, are the lines parallel to the vector /i + mj and passing through the points
mi —lj mi —lj
O—-p—=— and O+p—=, 5.10
P me VT 510

respectively. We then give the following definition:

Definition 5.6. Given an ellipse £ C w with center O, we say that 7, = F; U Z," is tangent
to & if the parallel lines 7, and ;" are both tangent to £.

Besides, we can note three other simple facts:

Claim 5.7. Let 1,11y : R® — w be non-degenerate and equivalent in the sense of Def. 4.4.
Besides, let € = € (p) for a fixed p > 0. Then Fy = I1,(€ N 1ty) = [y (€ N tw) = T

Claim 5.8. Let Iy : R® — w be non-degenerate. Then Iy (%) = int(.%,), where int(.F) C
w is the strip between F, and F,t.

Claim 5.9. If 7t is a plane through O and 7t }f k, then € N 7t is an ellipse in 7t with center O.
We can now prove the following:

Claim 5.10. Let Iy : R® — w be non-degenerate and let ¢ = ¢ (p) with p > 0.
1) Let & C I1y(€) be an ellipse with center O and tangent to F, = ;- U I, Then
there are 1vy—symmetric planes v, U’ through O such that 7T, 7' } v, k and
E=IL(¢Nn)=T,(¢Nn). (5.11)

If (OPy, OP,) is a pair of conjugate semi-diameters of € then there are Qq1, Q}, Q2, Qb in
% such that TI;1(P1) NG ={Q1, Q1 }, II;H(P) N€ ={Q,, Q5 } and (0Q1, 0Q2),
(0Q},0Q%) are pairs of conjugate semi-diameters of the ellipses € N 7T and € N 7T/,
respectively.

2) Conversely, if 7t is a plane through O such that 7 K v,k then & = T1y(€ N ) is an
ellipse with center O and tangent to 7.

Proof. 1) Let £ C Iy (%) be an ellipse with center O and tangent to .7, at X;. Besides, let
X, € &€ such that OX1 }f OX; (ie., Xo € £\ F). Since we assume £ C I1,(¢), we have

X1, Xy € I14(%). (5.12)
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Thus there are Y| € € N 7ty and Y, € € such that

I, (Y;) = X1, TIy(Y2) =X, and OY fOY;.” (5.13)
To proceed, let 7t be the plane through the points O, Y1, Y». Itis clear that 77 }f v, otherwise
we would have OX; = I1,(0Y7) || ITy(OY,) = OX;. Hence the restriction

ITy| :7m — w defines an affine transformation. (5.14)

7T
Also note that 77 }f k. 19 Hence, by Claim 5.9, ¢’ N 7t is an ellipse with center O. By (5.14),
the same goes for Q def I, (¢ N 7). Furthermore, by Claim 5.8,

X;€Q and QCII(¥) = Q istangentto % at X;.!!

This means that Q has in common with £ the point Xj, the tangent at X; and a second
point X, such that OX; }f OX;. Since £ and Q both have center at O, it follows that
& = Q =TI,(¥¢ N m). Recalling also that ¢ is 7y —symmetric, if 77’ is 77y —symmetric to
T we immediately get

[y(enNn)=1L(ENn) =E. (5.15)
So (5.11) is verified and, in particular, this implies that 7’ }f v, k.
Next, let OP;, OP, be conjugate semi-diameters of £. Having 71, 7r’ }f v, the restrictions

IIy| :m—w and II,| :7' — w are affine transformations. (5.16)
T !

Then, by (5.15) and (5.16), there are Q1, Q> € ¢ N7t and Qy, Q; € ¢ N 7’ such that

IL,(Q1) =1(Q1) =P, I1,(Q2) =IL(Q2) = .

The pairs (OQ1, 0Qz) and (OQ1,0Q,) are therefore conjugate semi-diameters of the
conics € N 7t and € N 7', respectively. On the other hand, it easy to show that Q; and Q;
are necessarily 7ty —symmetric, that is, Q; = Q; and

I,YP)NE ={Q; Q;} fori=1,2.

2) Conversely, let 7 be a plane through the origin O such that 7 }f v and 7 }f k. By
Claim5.9, ¢ N 7 is an ellipse with center O and since we suppose 7 } v, it is clear
that (5.14) holds. Thus £ = II(¢ N ) is an ellipse in w, with center O. Moreover,
EN Ty # O because

(ENm)N(€Nmy) =N (nNmy) #0.12

Taking into account that £ C Iy (%), from Claim 5.8 we then deduce that £ and .7, are
tangent at the points of Iy (¢ N7y N 7). O

9 Note that Y7 is unique. In fact, since X; € %, the line through X; and parallel to v is tangent to ¢ at a
point of ¢ N 7y. On the contrary Y is not unique because X € %. II;1(Xy) NG = {Y, Y3} with Y2, Y}
Ty —symmetric and Y, # YZ'. See Claim 5.1 and Rem. 5.2 above.

10 Since O, ¥; € 7y N 71, we have that 71 | k = 71 = 71y. So X € Iy (€ N 71) = I1y(€ N 7ty) = %, which
is not true because OX, }f OXj.

n Indeed, let {1 be the tangent of Q at X;. Since X1 € %, if 1 }f  then Q ¢ int(.% ). This fact contradicts
Claim 5.8, because Q C ITy(¥%).

12 Since 7 Kk, £ = N 7y is a straight line passing through O and not parallel to k.
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5.2. Some properties of the tangent planes of 4. To proceed, we recall that T, (P) de-
notes the tangent plane to ¢ at P. More precisely, if ¢ = %(p) and P = P(xp,yp,zp) € €,
T4 (P) is the plane defined by equation (4.5).

Claim 5.11. If P,Q € ¢ and O is the origin of coordinates, then
OP[[T4(Q) = OQI Te(P). (5.17)
Proof. In fact, given P = P(xp,yp,zp) € ¢ and Q = Q(xq, Yo, z0), we have that
OQ | T¢(P) <«  xpxo+yryo=0. O (5.18)
Noting that ¢ is 71y —symmetric, applying Claim 5.11 we easily obtain the following:
Claim 5.12. If P,Q € ¢ and P', Q' are rty—symmetric to P, Q respectively, then

OP [ T¢(Q) <« OP'| T¢(Q') (5.19)
and
OP || Tx(Q) <« 0Q| Tu(P). (5.20)
Proof. Recalling Def. 5.3 and Rem. 5.4, we easily have
Sv(T#(Q)) = Te(Q), (5.21)
where Sy is the oblique symmetry with respect to the plane 71y, in the direction of v. This
immediately gives (5.19). Then (5.20) follows from (5.19) and Claim 5.11. 0

Definition 5.13. Assuming OP }f OQ, we denote with (O, P, Q) the plane through the origin
O and the points P, Q. With C(P, Q) we indicate the conic

c(p,Q) ¥ % n(o,PQ). (5.22)

Moreover, given R € C(P,Q), we will denote with Te(p,o)(R) C (O, P, Q) the tangent line to
C(P, Q) passing through the point R.

Claim 5.14. Suppose P,Q € €. Then OP || T¢(Q) < OP }f OQ and C(P,Q) = € N
(O, P, Q) is an ellipse with (OP, OQ) as a pair of conjugate semi-diameters.

Proof. = By (5.18) we immediately have that
P,0c% and OP | T4(Q) = OP}OQ. (5.23)
Besides, from OP || T4(Q) it also follows that (O,P,Q) }f k. Therefore C(P,Q) =
% N{(0,P,Q) isan ellipse in (O, P, Q), with center O. Noting that T (Q) K (O, P,Q), we
deduce that the tangent line T¢(p o) (Q) satisfies
Terp,0)(Q) = T#(Q) N(O,P,Q), (5.24)
because it is clear that T¢(p o) (Q) C Ty (Q) and that Te(p ) (Q) C (O, P, Q).
Then, since OP || (O, P, Q) and we suppose OP || T (Q), it follows that
OP || Tep,0)(Q)- (5.25)

Moreover, by Claim5.11, OP || T¢(Q) < OQ || T¢(P). So with the same arguments
used above we can prove that

OQ || Tep,g) (P)- (5.26)
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Since we know that C(P, Q) is an ellipse, from (5.25) and (5.26) we deduce that (OP, OQ)
is a pair of conjugate semi-diameters of C(P, Q).

< It follows from the properties of semi-diameters, because T¢(p)(Q) C T¢(Q). O

Subsequently, taking into account Def. 4.7, we have:

Claim 5.15. Let I1y : R® — w be a parallel projection and let Q1, Q2 € € such that OQy ||
Tz (Q2). Let Py =11y(Q1), P, = I1y(Q2). If OPy j OP;, then Tly OG0 (0,Q1,Q2) —
w defines an affine map such that

I1y(C(Q1,Q2)) = &Ep, p,.- (5.27)
If we further suppose that 11, is non-degenerate, then Ep, p, is tangent to 7.

Proof. By Claim 5.14, we already know that OQ; }f OQ; and that C(Q1, Q2) is an ellipse
with conjugate semi-diameters OQ1,0Q;. Now, assuming OP; }f OP,, we have that

oP; HOPZ and Hv(Ql) =P, HV(Qz) =P = V,H <O, er Q2> (528)
So, the restriction

I, : {0, Qq, — w
<OIQ1/Q2> < Ql Q2>

defines an affine transformation. Having IT,(0OQ;) = OP; and I1y(0OQ2) = OD,, it is
therefore clear that (5.27) holds. Finally, if Iy is also non-degenerate, i.e., v } k, from
part 2) of Claim 5.10 we immediately have that £p, p, is tangent to 7. O

Finally, we note the following fact:

Remark 5.16. Let Sy be the oblique symmetry with respect to rty given by (5.6).

If Q1,Q2,Q3 € € satisfy the conditions (4.6),(4.7) of Def. 4.5 then, by Claim 5.12, also the

points Q) = Sy(Q1), Qb = Sv(Q2) and Q% = Sv(Q3) satisfy (4.6), (4.7). This means that in
Def. 4.5 the triads Q1, Q2, Qs and Qf, Q5, Q% are perfectly equivalent.

6. CYLINDRICAL POHLKE’S PROJECTION IN THE CIRCULAR CASE

To go further, let us now determine the cylindrical Pohlke’s projections in the circular
case. More precisely, instead of three generic non-parallel segments OP;, OP,, OP; we
take three non-parallel segments ON;,ON,,ON3 C w such that

ON1 1 ONZ and |ON1| = |ON2| =1. (61)

To avoid any confusion between the circular case and the general case, in the following we
also use Ry, Ry and Rj3 instead of Q1, Q2 and Q3, respectively.

To begin with, according to Def. 4.5, we need to find Il : R> — w non-degenerate and
then Ry, R, € €(p) such that

HV(R1> = Ny, HV(Rz) = N, with OR4 H Tcg(Rz)

Assuming such a projection exists, from Claim 5.15 we deduce that £y, n, must be tan-
gent to .7,. Since &}y, N, is the circle with center O and unit radius, we have:
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Claim 6.1. If (6.1) holds and if there is a cylindrical Pohlke’s projection for ONj, ONp, ON3
(according to Def. 4.5), then p = 1. That is, we have

¢=%1)={(xv,y,z) eR|x¥*+y> =1} 6.2)

After this, again assuming that the cylindrical Pohlke’s projection Iy exists, we note that
(6.1), (6.2) imply Ny, N, € €. Thus we must have:

Ny =Ry or R} and N, =R; or R,. % (6.3)
But to satisfy the conditions of Def. 4.5 it is necessary to set
Ri=N; and R, = N, (6.4)
or, equivalently by Rem.5.16, R} = Nj and R, = N,. '
In fact, if we set Ry = Nj and R/, = N, applying Claim 5.12, we find:
ORs || T¢(R}) < ORy || T¢(R3) < ONi || Ty(Rs), (6.5)
ORy || T¢(R3) < OR) || T¢(R;) < ON; || T¢(RY). (6.6)
Now, from (5.18), it is easy to see that
ON; || T¢(R}) and ONs || T¢(R;) = OR; L w® (6.7)

and the latter condition cannot be satisfied if R} € €. Since the same argument works if
we try to define R| = Nj and R, = N,, we are forced to assume (6.4) (or, equivalently,
R} = Nj and Rj = N,). Moreover, by choosing R; = Nj and R, = N,, we also find

Rs # R}. (6.8)

Indeed, if R3 = R}, from Claim5.12 and condition (4.7) we easily deduce that ONj ||
T#(R3) and ON, || T¢(R3). Hence, as in (6.7), we find OR; L w which cannot be
satisfied. In conclusion, noting that (6.8) implies R3R} || v, we can say that:

Conditions 6.2. Having fixed the points Ry = N, Ry = N, as in (6.4), to have a cylindrical
Pohlke’s projection for ON1, ONp, ON3 as in (6.1), it is necessary and sufficient to determine
R3, R} € €(1), Rs # R}, such that the following conditions are true:

(a) ONZ H Tcg<R3) and ON1 H T%(Ré), i.e., OR3 H Tg(N{), by Claim 5.12,‘

(b) R3R, }f w and R3R} Jf k, i.e., R3RY gives the direction of the parallel projection onto w
and this direction must be non-degenerate;

(c) Rs, R}, N3 are collinear, i.e., I1y(R3) = ITy(R}) = N3.

13 Given Q € €, by (5.18) we know that OP || T¢(Q) < xpxg+ypygo = 0. So, having Nj, Np € w with
ON; L ONj, it follows that ONj || T¢(Nz) and ONj, || T (Nq).

14 1 the following will not distinguish between these two possibilities because, by Rem. 5.16, we know that
the triads Ry, Ry, R3 and R}, R}, R} are equivalent. So will assume (6.4).

15 Given Q = (x0,¥yo,20) € € and My, My € w such that OM; }f OM,, we have that OM;, OM, ||
T¢(Q) & xg = yo = 0. But the latter condition is equivalent to OQ L w.
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6.1. Explicit determination of Il in the circular case. To proceed, we may suppose
that the coordinate axes are oriented in w such that

1 0 X
Ny = 0 , Np = 1 and N3 = y . (6.9)
0 0 0

In this way we have

ONj; = xON; + y ONj. (6.10)

Then, taking into account (5.18), we see that (a) in Cond. 6.2 is satisfied iff R3 € ¥ N{y =
0} and R; € €N {x = 0} . Thus we can express R3 and R} in the form

5 0
Rs=| 0| and Ry=| & (a,B € R), (6.11)
w p

5,8 € {-1,1}. (6.12)

Assuming (6.11) and (6.12), we certainly have Rz # R} and R3R} Jf k. This means that
(b) of Cond. 6.2 holds iff

where

o # B (6.13)
Besides, (c) of Cond. 6.2 is verified iff N3 = R3 + t R3R} for some f € R, i.e.,

X ) -6
y | =10 |+t 5’ for some t € R. (6.14)
0 « B—ua

Claim 6.3. Suppose (6.14) holds with 6,6" = £1. Then x, y satisfy
x+y+)(x+y—-1)(x—y+1)(x—y—1)=0. (6.15)
If we further assume that o, B, B — & # 0 then x,y # 0.
Proof. Let t be the solution of (6.14). The first two equations of (6.14) then give
x=6—6f and y =4t (6.16)
Hence, for 6’ # 0, we find that
x+%y—5:0. (6.17)

Assuming J, 6 " = 41, it is clear that (6.15) holds because one of the factors cancels out. 16

Finally, assuming «, 8, B — a # 0 the third equation of (6.14) implies f # 0,1. Then the
first two equations of (6.14) give x,y # 0. U

Conversely, we have the following;:
Claim 6.4. Let us suppose x,y # 0 are such that
x+y+)(x+y—1D(x—-y+1)(x—y—1)=0. (6.18)

16 1f x,y # 0 at most one of the factors of (6.15) can vanish.
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Then, there exist 6,6 = +1 and a,p # 0, B — a # 0, such that (6.14) holds. More precisely,
the constants § and &' are uniquely determined by

2 .2 1 2 52 1
S = &l 5 = u; (6.19)
2x 2y
«, B and are determined, up to a common non-zero factor, by
/
a=A, B=A (1 — i) with A # 0 arbitrary. (6.20)

Proof. Since x,y # 0, only one of the factors of the left-hand side of (6.18) is zero. There
are therefore unique J,6’ € {—1,1} such that

x+%y—5:0. (6.21)

By setting t = y/¢’, we have therefore x = § — §t and y = ¢'t, i.e., the first two equations
of (6.14). To verify the third it is necessary and sufficient that

/3:04(1—1):“(1—‘;). (6.22)

Noting that 6'/y # 0,1, from (6.22) we find that 8, B — a # 0 iff « # 0. It is therefore
clear that «,  must satisfy (6.20). Finally, to prove (6.19), noting (6.21) we can write

)
5 = 5y_ . (6.23)
Then, since 6% = ¢’ 2 — 1, we easily have
1—20x +x* =17, (6.24)
which allows us to obtain J as in the first expression of (6.19). Similarly we get &' ]

Summarizing up, we may conclude the following:

Claim 6.5. Assume (6.1) is verified and that ON3 = x ONj +y ON; with x,y # 0. Then there
exists a cylindrical Pohlke’s projection 11y for ONy, ON,, ON3 if and only if

g y) Ex+y+)r+y-—Dx—y+1)(x—y-1)=0, (6.25)

and this projection is unique up to equivalence in the sense of Def. 4.4
More precisely, if (6.25) holds, we have ¢ = € (1) and the projection direction may be parallel
to any vector of the form

V= O—Nl> + 170—1\12> + Ak with A # 0 arbitrary (6.26)
and 7 = sgn (xy(x? +y? —1)).*
Proof. Suppose there exists a cylindrical Pohlke’s projection Il for ON;, ON; ON3. From
Claim 6.1, we know that p = 1, i.e,, ¥ = ¢(1). Besides, from Cond. 6.2, it follows that
(6.14) must be verified for appropriate values of the constants §,6’ € {—1,1} and B # a.
Then, applying Claim 6.3, with get the condition g(x,y) = 0.
Conversely, let us suppose g(x,y) = 0. Having assumed x,y # 0, by Claim 6.4 we
deduce that (6.14) is verified for J,6’ € {—1,1} given by (6.19) and «, § as in (6.20). By
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Cond. 6.2 there are then infinite cylindrical Pohlke’s projections (all with ¢ = %'(1), for
Claim 6.1) and by (6.9), (6.11) and (6.20) the projections directions must be parallel to
_— /
RsR. = —5ON; + 6' ON, —A‘;k, 6.27)

with the given 6,6’ € {—1,1} and A # 0 arbitrary. So these projections are all equivalent,
in the sense of Def. 4.4. Finally, using (6.19) and condition (6.18), we can express 54’ as
1 (-2 1-a2— 2

/
o0 4xy 2xy

(6.28)

We therefore deduce that
: 2 2
sy = 1A Ay =) >0 (629)
-1, if xy(x*+y*—-1)<0

from which we immediately obtain the simplified form (6.26). O

7. PROOF OF THEOREM 4.9

(1) = (2). It is sufficient to apply Claim 5.15.
Indeed, we are assuming OP; j OP; (1 < i < j < 3). Hence, taking into account the
conditions (4.6), (4.7) of Def. 4.5, from the first part of Claim 5.15 we get:

Iy(Q1) = P, TIy(Q2) = P> and OQ || T¢(Q2) = ITy(C(Q1,Q2)) = &p,p,, (7.1)
I1,(Q2) = P, IIy(Q3) = P5 and OQ: || T#(Qs3) = IL(C(Q2,Q3)) =Epyp,. (7.2)
Noting that I, (Q}) = P;, we also find that

I1,(Qs) = P5, TIy(Q1) =P and OQs || T¢(Q1) = T,(C(Q3, Q1)) = Epyp- (7.3)

Furthermore, since I'ly is non-degenerate, from the second part of Claim 5.15 we deduce
that Ep, p,, €p,,py, Ep,,p, are tangent to 7, = I, (€ (p) N 7y ). In conclusion

T=%
is a cylindrical Pohlke’s conic for OP;, OP,, OPs.

(2) = (1). This implication can be obtained by applying part 1) of Claim 5.10 and then
Claim A.1 of the Appendix. Indeed, let 7 = 7 U 7 be a cylindrical Pohlke’s conic for
OP;,0P,,0OPs. To begin with, we fix

p=d/2, with d 4 distance between 7_ and 7., (7.4)
and then a non-zero vector w || w such that 7_, 7 || w. Next we set
v=w+Ak, (7.5)
with A # 0 arbitrary. This means that
T UT: = IL(€(0) N ) = T 7.6)

After that, we consider the ellipses Ep, p,, £p,,p, and Ep, p,, which are tangent to .7 .

Starting with £p, p,, by part 1) of Claim 5.10 there is a plane 7, through the origin O, such
that ¢ N 7t is an ellipse and I1y (¢ N ) = Ep, p,. Furthermore, there are Q1,Q, € €N
such that ITy(Q;) = Py, Iy (Q2) = P, and OQ;, OQ; are conjugate semi-diameters of the
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ellipse ¢’ N 7r. With the notation of Def. 5.13, this later fact implies OQ; || T¢(g,,0,)(Q2)-
Then

OQ1 || Te0,,0,)(Q2) and  Te(g,,0,)(Q2) C Te(Q2) = OQ1 || T#(Q2). (7.7)

So the first condition of (4.7) is satisfied. To proceed further, we consider £p, p,. Again
from part 1) of Claim 5.10 we can find a plane 77, through O and Q,, such that ¢ N 7T is
an ellipse and I, (¢ N 7T) = &p, p,. Besides, we can also find a point Q3 € ¢ N 7T such
that ITy(Q3) = P; and OQ,, OQs3 are conjugate semi-diameters of ¢ N 7T. As above, we
deduce that

0Q2 || T¢(Qs). (7.8)
So the second condition of (4.7) holds.
Finally, we consider the ellipse £p, p,. Noting that

I, Y (P)NE ={Q1,Q;} with Q;, Q] 7y — symmetric, (7.9)
and reasoning as above, it is clear that at least one of the following must be true:
OQs || T¢(Q1) or OQs | Ty (Qy). (7.10)
But, by Claim A.1, we cannot have the sequence
OQ1 [| T¢(Q2), OQ2 || T¢(Qs) and OQs || T4 (Qu), (7.11)

with Q1, Q2, Q3 € €. Hence the second (and only the second) of (7.10) is true.

In conclusion, we have found three points Q1,Q2, Qs € ¢ = € (p) such that (4.6) and
(4.7) hold. This means that the projection Ily, thus determined, is a cylindrical Pohlke’s
projection for OP;, OP,, OPs.

7.1. The equivalence of (1),(2) with (3). To prove that (1),(2) < (3), we use the equiv-
alence (1) < (2) just proven and resort to a suitable circular case. More precisely, let
Ni, N, € w such that

ON; LON, and |ON;| = |ONy| =1. (7.12)

Since OP; }f OP,, we may consider the affine transformation ® : w — w defined by

®(0 +xOP, +yOPy) 0+ xON, +yON> for x,yeR. (7.13)
It is clear that ®(P;) = N, ®(P,) = N,. Besides, if O—Pg> = hO—P1> + kO—Pg, then
Ns % & (P;) = O + hON; + kONp. (7.14)
Hence, having OP; }t OP;, OP,, we find
ON; = hON, + kON> and ONjs Jf ONi, ON; (ie., bk # 0). (7.15)

As it is known, an affine transformation maps conjugate semi-diameters of a central

conic into conjugate semi-diameters of the transformed conic. This means that ®(Ep, p,) =
gNl/NZ’ q)(cc:pz,p3) = gNz,N3 and Cp(gpslpl) = gNs,Nl' Besides, if 7T=7T_U 7-+ isa Cylindrical

Pohlke’s conic for OP;, OP,, OPs (that is, 7—, 7. are distinct and parallel lines, tangent

to Ep,,p,, Ep,py, Epyp) then ®(T) = O(T7-) UD(T;) is cylindrical Pohlke’s conic for

ONj1, ON,, ON3 (that is, ®(7-), ®(75 ) are distinct and parallel lines, tangent to En, N,

ENy Ny ENs, Ny )- Finally, the converse is also true, because ® ! : w — w is still an affine

transformation. Hence, according to Def. 4.8, we can state the following:
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Claim 7.1. Let ® : w — w be the affine transformation defined in (7.13).
If T is a cylindrical Pohlke’s conic for OP;, OP,, OP3, then ®(T') is a cylindrical Pohlke’s conic
for ONy, ON,, ONj3 and vice versa.

(1),(2) = (3). Now let us suppose that (2) holds, namely that there is a cylindrical
Pohlke’s conic T for OP;, OP,, OP;. Then
To =O(T) (7.16)

is a cylindrical Pohlke’s conic for ON1, ON,, ON3. Having already proved that (2) = (1),
there is then a cylindrical Pohlke’s projection for ON7, ON,, ON3. By (7.12) and (7.15) we
can apply Claim 6.5 to ON;, ON, ON3. We therefore conclude that /1, k must satisty (4.8).
(3) = (1),(2). Conversely, let us suppose that (3) holds, i.e., i, k # 0 satisfy the condition
(4.8). Then, by Claim 6.5, there is a cylindrical Pohlke’s projection for ON;, ON,, ON5 .
By the implication (1) = (2), we deduce the existence of a cylindrical Pohlke’s conic, say
To, for ON7, ON>, ON3. Then

T = YT,) (7.17)
is a cylindrical Pohlke’s conic for OP;, OP,, OPs;. We have thus shown that (2) holds.

7.2. Uniqueness of I, 7 and proof of (2.3), (2.4). By (1) = (2), we already know that
if 1y is a cylindrical Pohlke’s projection for OP;, OP,, OP;, then %, = I1, (€ (p) N 7y)
is cylindrical Pohlke’s conic for OP;, OP,, OP;. In the circular case, i.e., for non-parallel
ON;j, ON,, ON3 such that (6.1) holds, we have the following:

Corollary 7.2. With the assumptions of Claim 6.5, if (6.25) holds then the exists a unique cylin-
drical Pohlke’s conic T for ONy, ON», ON3 and it is given by

T=1L(¢(1)Nmy) = 7, VTS, (7.18)
with v as in (6.26). More precisely, 7, and T, are the lines passing through the points
ON; — 0N, ON; — 10N,
O—-—— ad O+ —F——, (7.19)
V2 V2

respectively, and parallel to O—Nl> +7 O—Nz>

Proof. For Claim6.1 in the circular case we have ¢ = %(1). From implication (1) =
(2) and Claim 6.5, we have then that 7 = IL,(%(1) N 7ry) (with v as in (6.26)) gives
a cylindrical Pohlke’s conic for ON;, ON,, ON3. By (6.26) it is also clear that 7 thus

determined does not depend on the choice of A # 0% and taking into account Def. 5.5 we
have T = 7, U2, with %, Z," || ON; + 10ON,. Moreover, since = +1 and we are

assuming |ON;| = |ON;| = 1, with ON; L ONj, it follows that ||[ON; — 170—1\]2>|\ =2.
We can therefore easily see (as in formula (5.10)) that the lines .7,~, Z," pass through the
points given by (7.19).

It remains to be shown that the cylindrical Pohlke’s conic is unique. For this purpose, we
can use the same arguments of the implication (2) = (1) proved above. In fact, given a
cylindrical Pohlke’s conic F (for Nj, Np, N3), we can prove that there exists a cylindrical
Pohlke’s projection Il (for Nj, Np, N3) and that, as in (7.6),

F=F-UF, =TIL(€(p) N 1), (7.20)

17 This follows also from Claim 5.7.
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with p given as in (7.4). Now we can observe that (7.20) requires p = 1, because &y, n, is
a circle with unit radius and F is tangent to £, n,. Besides, since we are in the circular
case, by Claim 6.5 the projection I, is uniquely determined up to equivalence in the
sense of Def.4.4. In other words, I1, is equivalent to any projection I, determined by
(6.26). Then, by Claim 5.7, the right hand side of (7.20) is independent of F,ie., F = T.
We have thus demonstrated that in the circular case 7 is unique. O

We can now prove the uniqueness of I1y and 7 in Theorem4.9.

Uniqueness of 7. The uniqueness of cylindrical Pohlke’s conic 7 for OP;, OP,, OPs
follows immediately from the uniqueness in the circular case just proved in Cor.7.2. In
fact, applying Claim 7.1, we know that 7 is a cylindrical Pohlke’s conic for OP;, OP;,
OP; if and only if ®(7) is a cylindrical Pohlke’s conic for ONj, ON;, ON3.

Uniqueness of II;. So far we have shown that there is a unique cylindrical Pohlke’s
conic 7 = 7_ U T, for OP;, OP,, OP;. Now, let I, be a cylindrical Pohlke’s projection
(according to Def. 4.5) for OP;, OP,, OPs. In (1) = (2) we have shown that I'T, (¢ (p) N 7ty)
gives a cylindrical Pohlke’s conic for OP;, OP,, OP;. Then, we must have

,(€(p)Nmy) =T. (7.21)

Having proved (7.21) it is then sufficient to observe, as in (2) = (1), that p is uniquely
determined by 7 (see (7.4)) and we must also have

v || w+ Ak forsome A #0, (7.22)

where w is a non-zero vector such that 7_, 7, || w. This means that the cylindrical
Pohlke’s projection for OP;, OP,, OP;5 is uniquely determined up to equivalence in the
sense of Def. 4.4.

Proof of (2.3), (2.4). Again for Claim7.1, both these formulas follows immediately, via
the inverse of the affine transformation ® defined in (7.13), from the analogous formulas
demonstrated in the circular case. See Claim 6.5 and Cor.7.2.

A. APPENDIX
In Def. 4.5 we require the condition

OQ1 || T¢(Q2), OQ: || T¢(Q3) and OQs || T¢(Q1), (A.1)

where Q] € €(p) is the point 7y, — symmetric of Q. It is easy to prove that in the last
term of (A.1) we cannot replace Q] with Q. In fact, we have:

Claim A.1. There does not exist Q1, Qa2, Q3 € €(p) such that
OQ1 || T4 (Q2), OQ> || T (Qs) and OQs || T (Q1)- (A2)

Proof. Writing Q1 = (x1,y1,21), Q2 = (x2,¥2,22) and Q3 = (x3,y3,23), by (5.18) we can
reformulate (A.2) in the equivalent form:

x1x2 +vy1y2 =0
X2x3 + Y2y3 =0 (A3)
x1x3+11y3 =0
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Then, assuming Q1, Q> € %(p) are such that OQ; || Tx(Q2) (i-e., the first equation of
(A.3) holds), we easily see that there does not exist Q3 € %(p) such that OQ> || T¢(Q3)
and OQ3 || T#(Q1) (ie., the last two equations of (A.3) hold). In fact, since Q1, Q> €
% (p), the first equation of (A.3) gives

MO = e 20 A4
¥ 2 p- # 0. (A4)
Then the last two of (A.3) imply x3 = y3 = 0. So Q3 & ¢'(p), regardless of p > 0. O

In particular, Claim A.1 has the following consequence:
Corollary A.2. If Q1,Q, Q3 € € satisfy (A1), then Q; # Q) for 1 <i < 3.

Proof. Infact, if Q; = Q) for some 1 < i < 3, renaming the points Q1, Q2, Q3 we get (A.2).
For instance, let us suppose Q> = Q). Noting that Q; = Q) and 0Q; || T#(Q3) =
0Q; || T¢(Q4) and that OQs || T¢(Q)) < 0Qj4 || T¢(Q1), we merely set

Ry =Qi, Ry = Qs R3 = Q5.
Then Rl,Rz, R3 S cg(p) satisfy ORl H Tcg(Rz), OR2 H Tcg(Rg,) and OR3 H Tcg(Rl). O
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