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Abstract

Let OPy, OP,, OP;5 be three non-parallel segments in a plane w. We find the necessary
and sufficient conditions for the existence of the common inscribed ellipse £1 and the common
circumscribing hyperbola He (both with center O) of the three ellipses having as conjugate
semi-diameters the pairs (OP;, OP,), (OP2, OPs3) and (OP5,OP;). To this end we introduce
a new parallel projection (hyperbolic Pohlke’s projection) such that & and H¢ are obtained
as the outline of the image into w of a suitable hyperboloid.
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1 Introduction

Given three non-parallel segments OP;, OP,, OP5 originating at O and lying in a plane w, we
consider the three concentric ellipses Ep, p,, €p,,p;, Epy,p, determined by the pairs of conjugate
semi-diameter (OP;,0P,), (OP,,OP3) and (OPs;, OPy), respectively.

It is a simple consequence of Pohlke’s fundamental theorem ([2], [5], [6], [9]) that there is
always an ellipse with center O, here indicated with & (Pohlke’s ellipse), which circumscribes
Ep,.py, Epy.py and Ep, py ([3], [4], [7]). 1 It is possible to show (see [8, Thm. 3.8]) that if

OP; = hOP| + kOP, (1.1)

then a pair of conjugate semi-diameters of & is given by the vectors

kOP, — hOP, and /1+h2+k2(—)‘ﬁ (1.2)
N> RN '

L If 0Q1,0Q2,0Qs3 are congruent, mutually orthogonal segments and IT : R* — w is a parallel projection
such that I1(Q;) = P; for i = 1,2, 3, then the ellipse & is the contour of II(S), where S C R® is the sphere with
center O containing Q1, Q2,Qs. The existence and uniqueness of & follows from Pohlke’s theorem.
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Pohlke’s ellipse with P1 = (1, £), P,(1,—2), OPs =20P; +

Again supposing that OP;, OP», OPs3 are non-parallel, if we further assume that

g k) h+k+D)(h+k—1)(h—k+1)(h—k—1)>0, (1.3)

then there is a second concentric ellipse, other than &, which circumscribes €p, p,, €p,.p, and
Ep, p,. We call this new ellipse the secondary Pohlke’s ellipse Es. It turns out that & is unique
and that (1.3) is also a necessary condition. See [7], [8] and [11]. In this case (see [8, Lem.4.2])
a pair of conjugate semi-diameters of & is given by the vectors

R e
KOP1—HOP2 g+H2+K2 P —
9T T2 (HOP, + KOP: 1.4
T i an g(H2+K2) ( 1+ 2>, (1.4)
where
H(h k) a2 —k2—1), K k) CLrh2 -k +1). (1.5)

It is worth noting that in both the above cases the circumscribing ellipse (€p or &) is obtained
as the contour of the parallel projection, into the drawing plane w, of a suitable sphere with
center O. In the present paper we investigated what happens when (1.3) does not hold, i.e.,
when the secondary Pohlke’s ellipse & does not exist. For this purpose we use the parallel
projection, on the plane w, of a suitable hyperboloid. We show that if

g(h,k) <0 (1.6)
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and
def

f(h k) = (B + B = 1)[(1* = k*)* = 1)] #0, (1.7)
then there is a third conic, with center O, tangent to £p, p,, Ep, p, and Ep, p;.

Further, it turns out that this conic is an ellipse, say &1, inscribed in Ep, p,, €p,,p;, Epy.p,
if h, k are such that f(h,k) < 0. Conversely, it is a hyperbola, say Hc, which circumscribes the
three ellipses Ep, p,, €p,. Py, Epy,p, if (R, k) > 0. 2 Both & and Hc, when they exit, are unique
and the conditions (1.6), (1.7) are also necessary. But, unlike what happens in the previous two
cases (i.e., for the ellipses & and &), now the conics & and Hc are obtained as the contour
of the parallel projection of a suitable one-sheeted hyperboloid centered in O and with axis
perpendicular to the plane w.

1.1 Main Definitions

In the Euclidean space E? we fix a plane w and a system of coordinates such that
w {(m,y,z)€R3|z:0}. (1.8)
We denote with O € w the origin of coordinates.

Definition 1.1 Given a plane m and a non-zero vector w, w }f w, we say that P,Q are obliquely
symmetrical with respect to m, in the direction of w, if

PQ|w and P;Q em 3 (1.9)
Definition 1.2 Given a non-zero vector
v=Ili+mj+nk (I,m,neR), (1.10)
we denote with my the plane
Ty @ lo +my —nz=0. (1.11)

When v }f my (i.e., if I24+m?—n? #0), we say that P, P’ are m—symmetric if P, P’ are obliquely
symmetrical with respect to the plane my, in the direction of v.

For p > 0, we denote with # = 7 (p) be the one-sheeted hyperboloid

H(p) G.l:'af{(:z:,y,z) ER3}x2+y2—z2:p2}. (1.12)

Furthermore, given a point P € ., we indicate with T, (P) the tangent plane to ¢ at P.
Namely, if P = P(zp, yp, 2p), the plane

Tw(P): xpx +ypy — 2pz = p°. (1.13)

2 He¢ circumscribes Ep,,py, Epy, Py, Epy,py in the sense of Def. 2.8 below.
3 With % we will indicate the midpoint of the segment PQ.
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Definition 1.3 Let v be a non-zero vector such that v }f w. We denote with
I, : R — w (1.14)
the parallel projection onto w, in the direction of v. If v }f w and v = li + mj + nk, we say

that Tly : R® — w is non-degenerate for H (or, simply, non-degenerate) if 1> +m? —n? # 0.
Similarly, we say that v gives a non-degenerate projection direction.

Noting that the hyperboloid J# is my—symmetric if v is non-degenerate (see Claim 2.1), we can
give the following definition:

Definition 1.4 Let OP,,OP;, OP3; C w be three segments which are not contained in a line.

A non-degenerate parallel projection I, : R® — w is a hyperbolic Pohlke’s projection for
OP1,0P,,OPs if there are a hyperboloid # = (p), for some p > 0, and three points
Q1,Q2, Q3 € F such that

I(Qi) =P (1<i<3), (1.15)

OQ1 || T (Q2), OQ2 || Tr(Qs) and OQs || Tor(Q1), (1.16)
where Q) € H is my—symmetric to Q1 in the sense of Def. 1.2 above.

Remark 1.5 Def. 1.4 is the immediate extension, to the case of the hyperboloid F, of the
definition of secondary Pohlke’s projection given in [7, Def. 1.2, p.35]. See also Claim A.3.

Given P,Q € ', we have that OQ || Ty (P) = OP }f OQ.* Therefore, if (1.16) holds,
0Q1 f 0Q2, OQ2 ) OQ3 and OQs }f OQ. With condition (1.16) we require that the intersec-
tions of A with the planes passing through O,Q1, Q2, through O, Qa, Q3 and through O, Qs3, Q)
are three ellipses having as conjugate semi-diameters the pairs (OQ1,0Q32), (0Q2,0Q3) and
(0Qs3,0Q))) respectively. See Claim 2.29.

If the segments OP;, 0Py, OP; are not parallel to each other, we can think (OP;,OP,),
(OP2,0Ps) and (OP3,OP) as pairs of conjugate semi-diameters of three concentric ellipses.

Definition 1.6 Given OP,0Q C w, OP }f OQ, we denote with Epg the ellipse with OP, OQ
as conjugate semi-diameters.

Then, considering the ellipses Ep, p,, Ep,.p, and Ep, p,, we give the following definition:

Definition 1.7 Suppose OPy, OPs, OP3 are non-parallel. A conic C, with center O, is a hyper-
bolic Pohlke’s conic for OPy,OPs, OPs if one of the following holds:

o C is an ellipse inscribed in Ep, p,, €p,,p;, 5p3,p1.5
e C is a hyperbola which circumscribes Ep, p,, Epy.py, Epypy-°

To illustrate Def. 1.4 and Def. 1.7, we will give two examples after stating the main results. See
Ex.1.12 and Ex.1.13 below.

* See Rem. 2.28 below.

® In other words, we require that C be tangent to the three ellipses Ep,,py, Epy, Py, Epy,p, and that

a) C C int(Ep,,p,) Nint(Ep,,p,) Nint(Ep,,p, ), if C is an ellipse;

b) &p,py, EPs,py, Epy,py C int(C), if C is a hyperbola.

Here, given a central conic C (i.e., an ellipse or a hyperbola) in a plane 7, we denote with int(C) (interior of C)
the closure in 7 of the connected component of 7\ C containing the center of C. See Defs. 2.7, 2.8 below.
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1.2 Main Results

Theorem 1.8 Suppose the segments OP;, OPs, OP5 are non-parallel. Then the following three
properties are equivalent:

(1) there is a hyperbolic Pohlke’s projection Ily for OPy,OP,, OPs;
(2) there is a hyperbolic Pohlke’s conic C for OPy,OP,,OPs;

(3) OP3 = hOP, + kOP, with h, k satisfying the conditions
Fh k) 02+ k2 = D)[(2 = k)2 =1)] #0 (1.17)

and
g k) L h+k+ D) (h+k—1)(h—k+1)(h—k—1) <O0. (1.18)

If the above conditions are true, the conic C is unique and it turns out that C is an ellipse if
f(h, k) <0, while C is a hyperbola if f(h,k) > 0. The projection Ily is unique up to symmetry
with respect to the plane w.® Besides,

C=IL(2Nmy) (1.19)
where €,y satisfy the conditions of Def. 1.2 and Def. 1.4.

If OP;,0OP,,0P; are not contained in a line but two of them are parallel, in particular if
one of them vanishes, we need to introduce degenerate ellipses. ”

Definition 1.9 If OP,0Q do not both vanish and OP | OQ, the degenerate ellipse Epq is the
segment M N parallel to OP,0Q such that

M+ N

IMN|* =4(|OP?> +|0Q*) and 5

= 0. (1.20)

Given a central conic C, with center O, we say that C circumscribes the degenerate ellipse Ep g
(or that Epg is inscribed in C) if M,N € C. 8

Now we can reformulate Def. 1.7 just saying that:

Definition 1.10 If OP;,OP>, OP5 are not contained in a line but two of them are parallel, a
hyperbolic Pohlke’s conic for OPy, OPs, OPs is a hyperbola, with center O, circumscribing the
three (eventually degenerate) ellipses Ep, py, Epy. Py, EPs.P, -

Using the Def. 1.10, instead of Def. 1.7, we can state the following;:

Theorem 1.11 Suppose OPy, O P>, OPs are not contained in a line. If two of them are parallel,
then there are infinitely many, distinct hyperbolic Pohlke’s projections (conics) if these two
segments are equal (i.e., congruent), none if they are different.

6 In the sense that, in Def. 1.4, the hyperboloid A (p) is unique and the projection direction (represented by
the vector v) is unique up to orthogonal symmetry (i.e., the usual symmetry) with respect to w.

" We assume, by convention, that the null segment is parallel to any other segment. Degenerate ellipses were
introduced in [2, pp. 372-373]. See also Defs. 3.1, 3.3 of [7].

8 Note that M, N € C = Ep,g C int(C) See Def. 2.7 below.
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1.3 Examples of hyperbolic Pohlke’s projections and conics

We conclude the introduction by constructing two examples of hyperbolic Pohlke’s projections.
Thm. 1.8 will apply in both cases: in the first the hyperbolic Pohlke’s conic C will be an ellipse;
in the second C will be a hyperbola.

To proceed, it is easier to set p right away (we take p = 1) and then work backwards choosing
Q1,Q2,Q3 and Q) (or, equivalently for (1.22), Q%) in 5 = J(p) so that (1.16) holds. For
this, we have only to take into account Claims 2.1, 2.25 and Cor. 2.26. Having done this, and
verified that Q3Q% }f w, the projection direction, i.e., v || Q3Q%, and the points Py, Py, P3 € w
are uniquely determined. We recall the following facts: *

(1) given R(xg,Yn, 2r), S(xs,ys, 25) € H,
OR || Tw(S) & OS|Tx(R) < xpTs+ Yrys — 2r2s = 0; (1.21)
(2) if R',S" € H# are my—symmetric to R, S € 5 respectively, then
OR' | T#(S) & OR]| Tx(S). (1.22)

Given Q, € 4, applying (1.21) we choose Q2, Q% € S such that OQa, OQ} || T (Q1),*°
and Q3 € S such that OQq || T»(Q3). For a), b) of Rem. A.5, we always get Q3 # Q5 and
we can choose (3, Q5 such that Q3Q% }f w gives the direction of a non-degenerate projection
onto the plane w. For c) of Rem. A.5, to prevent two of the segments OP;, O P,, OPs3 from being
parallel, we also require OQs }f OQ and, after choosing Q2 and @3,

0Q; § 0Qy and 0Q5 # 0Qs — A0Q1 + A0Qs, (1.23)

where X % r1T3 + y1y3 — 2123 with Q1(z1,y1,21), Q3(x3,ys3,23). In this way we will be in the
hypotheses of Thm. 1.8.

Then, taking v = li + mj + nk || Q3Q3%, it follows v is non-degenerate and that Q3 and
Q3 are my—symmetric, i.e., @3 = Q4.1 By (1.22), we have also OQ3 || T (0Q}), because
0Q5 = 0Q5% || T#(Q1). The conditions of (1.16) are therefore satisfied and we can define
P, = 1I,(Q;) (1 <i < 3). For (1.23), OP;,OP,,OP5 are non-parallel, so we can draw the
ellipses €p,.p,, €p,,Ps, €y, p,- Finally we trace the contour of the projection of .7 into w:

C =T, (#Nm). (1.24)

By Cor.2.11, C is an ellipse (hyperbola) if 12 +m? —n? < 0 (> 0). By Thm. 1.8, C is the unique
hyperbolic Pohlke’s conic for OP;, OP>, OP3. We refer to Section A.3 for more details.

Example1.12 We fir p = 1 and Q1 = (2,0,—/3). Taking into account (1.21)—(1.23) we

choose Q2 = (—v3,v/2,2), Q3 = (0,v/2,1) and Q4 = (¥, %v _%) In this way the projection
direction is given by the vector

v= 31 (3 -Vv2)j- ik (1.25)

Since (%)2 + (% — \/5)2 - (%)2 < 0, the projection direction is non-degenerate.

? See Claim 2.25 and Cor. 2.26 below.
10 We introduce Q% just to proceed, because we don’t have v yet. We will soon set Q% = Q5.
11 See Claim 2.1 below.
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Hyperbolic Pohlke’s projection of Ex. 1.12 (scaled 0.7).

We find P, = (%, %,0), P = (—%, 5+57‘/§,0) and Py = (31—‘65,%(;’5,0). The segments

OPy, OP,, OP3 are non-parallel and the hyperbolic Pohlke’s conic C is an ellipse.

In plane {z = 0}, the ellipse C =11, (I Nmy) inscribed in Ep, py, Epy, Py, Eps. Py -

Example 1.13 We fir p =1 and Q1 = (1,1,1). Taking into account (1.21)—(1.23) we choose
Q2 = (1, —%, %), Q3 = (%, %7 %1) and Q4 = (%, —%, %) In this way the projection direction is
given by the vector

v =i+ 3Tj+ Hek. (1.26)
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Since 1 + (%)2 — (%)2 > 0, the projection direction is non-degenerate.

Hyperbolic Pohlke’s projection of Fx. 1.183.

We find P, = (%7,%70)} P, = (%, ,%70) and P3 = (%, f%, ). The segments OPy,

OP,, OP5 are non-parallel and the hyperbolic Pohlke’s conic C is a hyperbola.

In plane {z = 0}, the hyperbola C = Iy (S Nm) circumscribing Ep, . py, Epy, Py, EPs, P -
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2 Some basic geometric facts

We shall prove here a number of facts about the one-sheeted hyperboloid J# = J(p) defined
in (1.12). We start with some symmetry properties.

Claim 2.1 Let m, be the plane introduced in Def. 1.2 and let us suppose that 1> +m? —n? # 0.
Then F is m—symmetric (i.e., P € H# = P' € H).

Proof. Indeed, let r be any line parallel to v, that is,

T =x,+ It
iR Y=y, +mt (t € R), for a suitable P(z,, Yo, 2o)- (2.1)
z=2zp+nt

Introducing the expressions (2.1) into the equation of J#, we see that the points of N J# are
determined by the real solutions of

(12 +m? = n®)t? + 2(Iz + myo — n2o)t + 22 + 92 — 22 = p2. (2.2)
Since 12 + m? — n? # 0, equation (2.2) is of second degree with roots ¢y, ts such that

i+t _lmo+myo—nzo

= 2.
2 24+ m?2 —n? (2:3)
Now, if P € 4, the solutions of (2.2) are
lxy, + my, — Nz,
tl =0 and t2 =-2 l2 T m2 — 7’L2 (24)
Hence r N = {P(t1), P(t2)} with P(t1) = P and P(t2) such that
P(t P(t t t
Plt) + Plta) (2):P<1+ 2> € v, (2.5)
2 2
because of (2.1), (2.3). Thus P(t2) = P'. O

Remark 2.2 From the proof of Claim 2.1 one can also see that r is tangent to € at P iff
Pe st Nry. In fact, if P € 7, we have t| =ty & lx, + my, — nz, = 0.

Definition 2.3 Let v = li + mj + nk with 1> + m?> —n? # 0. We indicate with S, the map
associated to the obliqgue symmetry with respect to w, in the direction of v. That is the map

P(x,y,z) S—V> P2y, 7)), (2.6)

given by

lx +my —nz

Sv(z,y,2) = (x — 2\, y — 2Am, z — 2\n)  with A= PimI n2

O (2.7)

Note that, according to Def. 2.3, Sy represents the orthogonal symmetry (i.e., the usual symme-
try) with respect to the plane w. Besides, we observe that

Remark 2.4 We can also get Claim 2.1 directly from the oblique symmetry Sy introduced in
Def. 2.3. Indeed, it is easy to see that Sy(P) € H iff P € .
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2.1 The intersection of .77 with the plane 7,

If 7y is the plane introduced in Def. 1.2, it is clear that J# N my is non-empty, symmetric with
respect to O and such that O ¢ 5 Nmy. Thus 5 N, must be a central conic in m, with
center O, if it is non-degenerate. !> On the other hand, if # N 7y is degenerate, then it is a
pair of distinct, parallel lines which are symmetric with respect to O. More precisely,

Claim 2.5 Let wy, be the plane introduced in Def. 1.2, then
(1) 2 Ny is an ellipse < 12 +m? —n? <0. 13
(2) 2 N7y is a pair of distinct, parallel lines < 1> +m? —n? = 0.
(3) A Ny is a hyperbola < 1? +m? —n? > 0.
Proof. < To begin with, let us suppose n = 0. Then we have (> + m? — n? > 0 and
Ty lx +my = 0.

From the identity
(1 +m?) (2 + %) = (lx + my)? + (mx — ly)?, (2.8)

we deduce that s N my is given by the points P(x,y, z) € 7y, such that

(ma — ly)* 2 2

2 m? 24 = p°. (2.9)
But (2.9) represents a hyperbola in 7y, because h = ”;,f 7;32 and k£ = z may be considered as

coordinates in 7. Next, let us suppose n # 0. In this case the coordinates of the points of 7,
satisfy the relation

l
2= 22X (2.10)
n
Hence . Ny is given by the points P(z,y, z) € my such that
(n? —1%)2? + (n* — m?)y* — 2lmay = n’p*. (2.11)

Equation (2.11) (with the condition z = 0) defines a conic C, with center O, in the plane w.
Namely, C is an ellipse if [? 4+ m? —n? < 0, while C is a hyperbola if i2 + m? — n? > 0. Noting
that 2 N7y is the affine image of C via the parallel projection T : w — 7y,

lx —i—my)

- (2.12)

(z,y) SEAN <x,y,

by Thm.A.1 we deduce that # N 7y is an ellipse or a hyperbola depending on whether the
quantity 1% + m? —n? is < 0 or > 0, respectively.!* Finally, let us suppose n # 0 and
12 +m? —n? = 0. In this last case (2.11) factorizes as

(mx —ly + np)(mx — ly —np) =0, (2.13)

12 That is, a non-degenerate conic with center, i.e., an ellipse or a hyperbola.

13 We will distinguish between circles and ellipses only when strictly necessary. In this case it is not difficult
to show that s Ny is a circle < [ =m = 0.

14 As stated in Thm. A.1 of the Appendix, an affine transformation between two planes =, % C E?® send a conic
to a conic of the same type. This applies, in particular, to parallel projections between planes.
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because n? — 2 = m? and n? — m? = [2. Thus J# N7, is a pair of distinct, parallel lines which
are symmetric with respect to O.

= The reverse implication is now an immediate consequence of the fact that by proving < we
have exhausted all possible cases for the sign of the quantity (? + m? — n?. a

For the sake of brevity, we will later say that:

Definition 2.6 C is an admissible conic if C is a central conic centered at O, or a pair of
distinct, parallel lines which are symmetric with respect to O.

2.2 The projection of 7 into the plane
We will adopt the following terminology:

Definition 2.7 Let C C 7 be a central conic in a plane w, i.e., an ellipse or a hyperbola.

(1) We denote with int(C) (interior of C) the closure in 7 of the connected component of
7w\ C containing the center of C.

(2) We denote also with ext(C) (exterior of C) the closure in w of m\ int(C).

Definition 2.8 Given two concentric central conics C1,Co C w, we will say that Cy is inscribed
in Co (or, equivalently, that Co circumscribes Cy ) if C1 and Ca are tangent and C; C int(Cz).

Remark 2.9 As it is known, in an appropriate coordinate system (say x,y) a central conic C
has the simple equation A\x? + py? =1, with A >0 and pu # 0. Then, we have

int(C) = {P(x,y) €¢ ‘ Ax? 4 py? < 1},
ext(C) = {P(x,y) € (| Ax? +py? > 1} O
If v = li +mj + nk provides a non-degenerate projection direction (Def.1.3), i.e.,
PZ+m?—n?+#£0, (2.14)
we may consider the parallel projection II, : R® — 7, in the direction of v; that is

Iy (z,y, 2) d:ef(:c—)\l,y—)\m,z—)\n) with )\:W.

(2.15)
Applying Claim 2.5, we have:
Claim 2.10 Let II, : R3 — 7y be the projection defined by (2.15), then
(a) I, () = ext(H Nwy) if A Nwy is an ellipse, i.e., if 12+m?—n? <0,
(b) I, () = int (S Nwy) if SNy is a hyperbola, i.e., if 12+m2 —n2 > 0.
Proof. Indeed, given P(z,,Yy,,2,) € 7y, we have that

Pell,(#) <= equation (2.2) has a real solution.

Since lz, + my, — nz, = 0 in 7y, from (2.2) we see that:
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(@) Pelly(s#) & 22+y2—22>p% if # Nry is an ellipse.

o

() Pelly(s#) & x2+4y?— 22 < p? if # Nny is a hyperbola.

o

Supposing for the moment n # 0 and using (2.10), we see that:
@") @3 +ys — 2 = p* & (n® =]+ (n® —m?)y; — 2miwey, > n?p?,
(0") @5 +y3 — 25 < p* & (n* =12l + (n? —m?)yZ — 2miwoy, < n®p?,

depending on whether 7 Ny, is an ellipse or a hyperbola, respectively. In other words, given
P(xo,Y0,20) € Ty, we deduce that:

(@") P elly () & (20,y,) is exterior to the ellipse £ C w, with

E:(n* —1*)2® + (n® — m?)y? — 2mlry = n*p?,

(") Pelly(#) < (2o,yo) Iis interior to the hyperbola H C w, with
H: (n® — 1®)2® 4+ (n? — m?)y? — 2mlzy = n?p?,

depending on whether J# N m, is respectively an ellipse or a hyperbola.

To conclude, it is now sufficient to observe that in any case the plane 7, is the affine image, via
the parallel projection T : w — 7y in (2.12), of the plane w and that, by (2.10)—(2.11), the same
transformation maps the conic £ C w, or H C w, onto # N m,. Hence we also have:

(@"") (zo,yo) is exterior to the ellipse £ < P is exterior to the ellipse 5 N7y,
(6"") (x0,9,) is interior to the hyperbola H < P is interior to the hyperbola J Ny,

depending on whether . N, is respectively an ellipse or a hyperbola. '

Finally, let us suppose n = 0. In this case I +m? —n? > 0, thus J# N, is a hyperbola
in my. Given P = P(Z,,Y0,20) € Ty, using the identity (2.8) we can rewrite the condition (b’),
that is, 22 + y2 — 22 < p?, in the form

(mxo — lyo)? — (12 +m?)22 < (12 +m?)p?, (2.16)

mx—ly

because P € my, < lz, + my, = 0. Then, introducing in 7, the coordinates h = T Em? and

k = z, we immediately see that condition (2.16) is equivalent to
h2 — k2 < p* with  ho = h(Z0, Yo), ko = Zo. (2.17)
This, in turn, is equivalent to saying that P € 7y, is interior to the hyperbola 5 N . In fact,

with the coordinates (h, k), the equation of /& Ny is exactly h? —k? = p?, as one can see from
the first part of the proof of Claim 2.5. a
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2.3 The projection of 7 and 57 N7, into the plane w

To continue we suppose
v=Ili+mj+nk with n#0.

We can therefore define the projection II, : R3 — w in the direction of v. Namely

l
Hv(x7y>z) d:ef ($ - =% Y- mza 0>
n n

13

(2.18)

(2.19)

Assuming also 12 + m? — n? # 0 the restriction of II, to the plane 7y : lx 4+ my — nz = 0 is an
affine transformation from 7, to w. Noting that II,(O) = O, taking into account Def. 1.3 and

Claim 2.5, we easily have the following:

Corollary 2.11 Let II, : R? — w be non-degenerate, then
(1) Uy (A N7y) is an ellipse centered at O < 1> +m? —n? < 0.1
(2) My (S N7y) is a hyperbola centered at O < 1% +m? —n? > 0.

We can then give the following definition:

Definition 2.12 Let II, : R? — w be non-degenerate. We denote with €, the conic

€ Y, (A N1y

Let us note that
Iy =1Ily o va

if v is non-degenerate. Then, from Claim 2.10, we have:
Corollary 2.13 Let I, : R? — w be non-degenerate. Then
(1) Ty () = ext(6y) if € is an ellipse, i.e., if 1> +m? —n? < 0.
(2) T () = int(6,) if €y is a hyperbola, i.c., if 1> +m? —n? > 0.
Remark 2.14 When 12 +m? —n? = 0 it is easy to see that
I, () = w\ {(z,y,0) | lz + my =0, 2 + y* # p°}.
This follows from (2.2) with P € w and 1> +m? — n? = 0. Namely, the equation

21w + myo)t + x5 + Y5 = p°-

Indeed, from (2.22) we can see that v N = iff lx, +my, =0 and x2 + 32 # p?.

Remembering that s = J#(p), it is also easy to see that:

15 Tt follows that IT, (27 N mv) is a circle < | =m = 0. See Claim2.15 and Remark 2.17.

(2.20)

(2.21)

(2.22)
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Claim 2.15 Suppose II, : R® — w is non-degenerate. If I,m are not both 0, then €, C w is
a central conic with center O and major/transverse azis orthogonal to v. More precisely,

1) If 12 +m? —n? <0, then €, is an ellipse, centered at O, with semi azes a, b such that

2 _ 12 _ ;2
amp, Bopllom
n
2) If I24+m?—n? > 0, then €, is a hyperbola with transverse semi-axis a and conjugate semi-awis
b such that
9 12 4+m?—n?
n? '
If l =m =0 the conic 6, C w is merely the circle with center O and radius p.

a=p, b=p

Proof. Since 57 is invariant under rotations about the z-axis, by rotating the projection
direction (i.e., the vector v = li+mj+nk) about the z-axis we simply rotate the conic €, C w
around the origin O. This means that in proving 1) and 2) of Claim 2.15 we can assume

v=Aj+nk with A=+I2+m2 (2.23)

such that A% — n? # 0. Then, from (2.11) with [ = 0 and m = ), the intersection J# N my is
given by the points P = (z,y, z) € my such that

n?z? 4+ (n® — \)y? = n?p’. (2.24)

By (2.23) we have 7y : Ay — nz = 0. This means that P(z,y, 2) € Ny if and only if

n? — \? A
x2+< 2 >y2:p2, Z=y. (2.25)

With v as in (2.23) and P(x,y, z) such that z = %y, from (2.19) we find
2 )\2 o
Hv(x7y7z) - <IL’, nT:% 0) d:f ('i?:ll 2)' (226)

Hence the coordinates (Z, 7, z) of the points of 4, C w satisfy
-2 n’ —2 2

For X\ # 0, we deduce that

e If A2 —n? < 0, then %, is an ellipse with major semi-axis @ = p and minor semi-axis b
2 2
such that b% = p? ”n;g)‘ The major semi-axis, being along the x-axis, is orthogonal to the
direction of projection, i.e., v given by (2.23).

o If A2 —n? > 0, then %, is a hyperbola with transverse semi-axis @ = p and conjugate
. 2 . . o
semi-axis b such that b? = p? )‘TQ” The transverse semi-axis, being along the z-axis, is

orthogonal to the direction of projection given by (2.23).

Finally, when A = 0, the conclusion (which formally follows from (2.27) with A = 0) is immediate
because 7, = T = w. O
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Remark 2.16 From (2.25)—(2.26) it also follows that if
v=A+nk with \—-n?=0, (2.28)

then the points (z,9,0) of Iy (S Nmy) satisfy 72 = p?, j = 0. Hence Iy (H Nny) reduces to
the pair (£p,0,0). For general v = li +mj + nk, such that 1> +m? —n? =0, we find

mp —lp
I, (7 Nmy) =+ , ,0). O 2.29
( ) <\/12+m2 VI2 +m? > (2.29)

Remark 2.17 From Claim 2.15 we can see that given a central conic C C w, with center O,
there are a unique p > 0 and, up to symmetry with respect to w, a unique projection direction
(represented by the vector v ) such that

C=I,(#Nm)Y¥%.

Indeed, p must be equal to the major/transverse semi-axis of C (or the radius, if C is a
circle). As for the direction projection, we have:

e If C is a circle, then the projection direction is given by the vector v = k.

—
o If C is an ellipse with semi-azes OV, OW such that |OV| < |OW| and OV = pi+qj, then
p = |OW| and the projection direction is given by the vectors

p2_p2_q2

v=90pi+dqgj+k with = .
PP + %)

(2.30)

. IL}C 1s a hyperbola with conjugate and transverse semi-axes OV, OW respectively and if

OV = pi+ qj, then p = |OW| and the projection direction is given by the vectors

p2+p2+q2

v=0pi+dgj £k with 6=, "1
p*(p? + ¢?)

(2.31)

In addition, it is immediate that:
Claim 2.18 In all three cases of Rem. 2.17 the vector v is non-degenerate. *6
Moreover, recalling the Defs. 1.2, 1.3 and Def. 2.6, we have:

Claim 2.19 Let II, : R?® — w be non-degenerate.

16 This is obvious in view of Cor.2.11 and Rem.2.16. But, setting v = li + mj + nk, in the three cases of
Rem. 2.17 it is also easy to see that:

-1 if C is a circle
P+m?-—n?= —pzp%qz if C is an ellipse
pQngQ if C is a hyperbola
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1) If C C I (A7) is an admissible conic tangent to 6, then there are my—symmetric planes
7, ' through the origin O such that w, 7' }fv and

C=I,(#Nr)=I,(2N7T). (2.32)

2) Let C C I, (J) be an ellipse or a hyperbola tangent to 6, and let (OP;,OPs) be a
pair of conjugate semi-diameters of C.'7 Then there are Q1,Q},Q2, Q% € S such that
H;l(Pl) N = {leQll}} H;l(PQ) NAH = {QQ?Q/Q} and (OQD OQ2)} (OQ/LOQIQ) are

conjugate semi-diameters of the conics € N and A N 7', respectively.

3) Conversely, if m is a plane through the origin O such that © }f v and 7 Nmy N #£ 0,
then C =11y (7 N ) is an admissible conic, tangent to € .

Proof. 1) Let C C II,(4¢) be an admissible conic tangent to ¢, at X; and let
t be the common tangent of C and %, at X;. (2.33)
Besides, let Xy € C such that OX 1}t OX5. Since we assume C C Il (J), we clearly have
X1, Xy € Iy (7). (2.34)
Thus there are Y7 € 7 N7y and Yy € 7 such that
II,(Y1) = X1, Iy(Y2) = X5 and OYi} OYy. 18 (2.35)

To proceed, let 7 be the plane through the points O, Y7, Y. It is clear that = }f v, otherwise we
would have OX; = II,(OY7) || II,(OY2) = OX5. Hence the restriction

IIy| :7m — w defines an affine transformation. (2.36)
s

By Claim 2.5 (with 7 instead of 7y)
N (2.37)

is an admissible conic. Then, by (2.36),

0¥, (#nn)
is also an admissible conic. '* Furthermore, by (2.33) and Cor. 2.13,

X1€Q and QCII(#) == Q hastangent t at X;."

7If C is a hyperbola then OP;, OP, are a transverse semi-diameter and the corresponding ”imaginary” con-
jugate semi-diameter in the sense of Rem. A.2 in the Appendix.

18 Note that Y7 is unique. In fact, assuming X; € %, the line through X; and parallel to v is tangent to
S at a point of # Nmy,. Yz is unique up to my—symmetry, because Iy (X2) N7 = {Y2,Ys} with Yo, Yy
my—symmetric; furthermore, Yo = Yy < X € %,. See Claim2.1 and Rem. 2.2 above. Finally, being II, an
affine transformation, it follows that OX1 fOXs = OY1 JOY5.

19 Indeed, being an admissible conics (Def.2.6), Q has tangent at all its points. Let ¢; be the tangent of Q at
Xi. Since X1 € 6, and 6, has tangent ¢t at X1, if t1 # ¢t then Q ¢ int(%6,) and Q ¢ ext(%,) at the same time.
This fact contradicts Cor. 2.13, because Q C Il (7).
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This means that Q has in common with C the point X7, the tangent ¢ at X; and a second
point X5 such that OX; Jf OXs. Since C and Q are both symmetric with respect to the origin
O (and do not pass through O), it follows that C = Q = II, (2 N 7). 2° Furthermore, taking
into account that 7 is my—symmetric, if the plane 7’ is my—symmetric to m we also find

Uy (# N7') =1 (H# Nrm)=C. (2.38)

Finally, we note that 7 }f v. = #' }f v, because 7’ || v.= 7’ =7, hence 7 || v (but we can also
observe, more directly, that (2.38) = #' }fv).

2) Now, suppose the conic C C I, (%) is an ellipse or a hyperbola (i.e., it is not a pair of
parallel lines) tangent to 4. Let OP;, OP» be conjugate semi-diameters of C.'7

Having already observed that 7, 7’ }f v, the thesis follows from (2.38) and from the fact that
the restrictions

IIy| :m—w and II,| :7 — w are affine transformations. (2.39)
T !

More precisely, by (2.38) and (2.39), we can certainly say that there are @1, Q2 € # N7 and
Q1,Q2 € A N7’ such that

Iy (Q1) =I,(Q1) = P1, T1,(Q2) =T1,(Q2) = P».

Thus the pairs (OQ1, 0Q2) and (OQl, OQQ) are conjugate semi-diameters of the conics J N
and 2 N 7', respectively. On the other hand, it easy to show that @Q; and Q; are necessarily
7y —symmetric, that is, Q; = Q) and

Indeed, if Q; # Q; there is nothing to prove, because II;(P;) N ¢ contains at most two points
which are 7w, —symmetric. Conversely, if Q; = Q; then Q; € 7 N7’ and this implies Q; € v,
ie., Qi = Q.2 But, if Q; € 7y, the set II;}(P;) N consists of only one element because the
line II;1(P;) is then tangent to 5 at Q;. See Claim2.1 and Rem. 2.2.

3) Conversely, let ™ be a plane through the origin O such that 7 }f v. By Claim 2.5, 5 N7 is
an admissible conic in 7 and since we suppose 7 }f v, it is clear that (2.36) holds.

Thus C = IIy (2 N 7) is an admissible conic in w. Moreover, C N %, # 0 because we assume
A N7y N7 # (). Taking into account that C C IIy(4#), from Cor.2.13 we then deduce that C
and %, are tangent at any point of Il (%” N7y N 7r). a

Remark 2.20 The condition S Ny N # O, which appears in 3) of Claim 2.19, is certainly
true if at least one of the conics J€ Nwy and N7 is an ellipse. For instance, let £ = H Nny
be an ellipse. Then

HNmyNm=EN(myNm) # 0, (2.40)

because & is an ellipse in 7y centered at O and 7y, N7 contains a line through O in w .

20 The equation of a conic Q C {z = 0} that is symmetrical with respect to O, but which does not pass through
O, can be expressed in the form axz? 4+ fy? + vy = 1. The coefficients «, 3, are uniquely determined if (for
instance) we know two points Pi, P, € Q and the tangent ¢ at one of them, provided OP; }f OP, and O ¢ ¢ (if
O €t then Q does not exist). If P1P, || t or P Ps || t (with P; symmetric to P> with respect to O), the conic is
degenerate. Namely, in this case Q@ = tUt', with ¢’ the symmetric of ¢ with respect to O.

21 Since 7,7’ are my—symmetric planes,

Qernn and Q¢m = Q#Q andthen v | QQ |,

which is a contradiction, because we know that =, 7' }f v.
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2.4 The case of degenerate ellipses

In Claim 2.19 we have assumed that C C II, (%) is an admissible conic, tangent to %, . But in
view of the proof of Thm. 1.11 we need also to consider what happen if C is a degenerate ellipse
(in the sense of Def. 1.9) inscribed in %, when % is a hyperbola.

Claim 2.21 Let II, : R? — w be non-degenerate and let { C w be a line through the origin O
such that £ NGy # 0. Let C be the plane through { and parallel to v. Then s N( is an ellipse
(hyperbola) iff 6y is a hyperbola (ellipse).

Proof. As in the proof of Claim 2.15, it suffices to prove the result for
v=A+nk with A —n?#£0, (2.41)

because S is invariant under rotations about the z-axis. Therefore, taking into account formula
(2.27), ¢, C w has equation

712 .
ZE2 + (M) y2 = ,02 with p > 0. (242)

Now, by hypothesis, there exits a point L = L(z,y,,0) € £ N%,. By (2.42) the coordinates of
L must then satisfy the relation

n?(z? +y7) — N2 = (n® — N?)p”. (2.43)
On the other hand, ¢ is the plane through OL and parallel to v. Thus ¢ has equation
¢: (nyy)x — (nzp)y + (Azp)z = 0. (2.44)
Noting (2.43), by Claim 2.5, we deduce that:
e ' N(isanellipse & n? - A2 <0 & %, is a hyperbola;
e 7 N( is ahyperbola & n?2—X\2>0 < %, is an ellipse. O
Claim 2.22 Given II, : R — w, let ¢ be a plane through O and parallel to v. Let £ C ¢ be an
ellipse with center O and let 11,(£) = M N, for suitable M, N € wN(.

1) Let (0Qy,0Q) be a pair of conjugate semi-diameters for €. If Py = I1,(Q1) and Py =
Iy (Q2), then we have
IMN[* =4(|OP]” + |OPJ?). (2.45)

2) If P, P» € wN( satisfy (2.45), then there are Q1, @1, Qo, @2/\6 & such that ;Y(P)NE =
{Q1,01}, N () NE = {Q2,Q2} and (0Q1,0Q2), (0Q1,0Qs) are distinct pairs of

conjugate semi-diameters for E.

Proof. 1) To begin with, we introduce orthogonal coordinates h, k in the plane ¢ such that
O = (0,0) and
h? k2

5:94-[72:1 with a,b > 0. (2.46)
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In this situation it is well known that OQ1, OQ2 are conjugate semi-diameters for £ if and only
if there is 6 € [0, 2m) such that

Q1= (acosf,bsinf) and Q==+ (asinf, —bcosh).?? (2.47)

Moreover, since II, : R? — w is linear, given a unit vector u such that u || w N ¢, there are
a, 3 € R (not both zero) such that

O—Pl> = (aa cos 6 + bB sin G)u and O—P; == (aa sin @ — bp cos G)u, (2.48)
for all € [0,27). From (2.48) we immediately have
|OP1 > 4 |OPs|? = (ac)? + (bB)? for all 6 € [0,27) (2.49)

and, in particular,
|OM|* = |ONJ? = (ac)? + (b8)?, (2.50)

because II(Q1) = M or N when II(Q2) = O, that is, when OQ)3 is parallel to the projection
direction v. Hence, from (2.50) we deduce that |[M N|? = 4(a)? + 4(bB)?, because O = w

2) Conversely, let Py, P, € w N ¢ such that the relation (2.45) is true. Before proceeding,
let’s remember that the ellipse £ has oblique symmetry, in the direction of v, with respect to
the line, say [y, through O and parallel to the direction conjugate to that of v. Thus, if

;Y (P)NE={R, R} and II;'(P)NE ={Ry, Ry},

it is clear that the points Ry and Ry are obliquely symmetrical (in the direction of v and w1th
respect to [y ) to R1 and RQ, respectively. In addition, we know that Ry = R1 & Riely
Pi=Mor N (ie., P, =0, by (2.45)) and, similarly, for the couple Ry, Ry.

Now, starting for instance from R;, we certainly have

Ry = (acosby,bsinfy) for a suitable 6; € [0, 27). (2.51)
By (2.45) and taking into account (2.48) and (2.49), one of the following must hold:

Py = Hv(asinﬁl, —bcosﬁl) or Py= HV( - asin@l,b00801), (2.52)

because in w N there are only two points at a distance of 31/[MN|[?—4|OP|? from O.
Assuming, for example, that the second of (2.52) holds, we define

Q1 =Ry = (acosfy,bsinfy) and Qo= (—asinfy,bcosfy). 23 (2.53)

Then, by the condition (2.47) above (OQl,OQg) is a pair of conjugate semi-diameters such
that IIy(Qq) = P and IIy(Q2) = P,. Finally, denoting with Q1 and Q2 the symmetric to @1
and (o respectively, we can easﬂy see that

(0Q1,0Q2) (2.54)

22 See [10], p. 39.
23 (Clearly, we have Q2 = Ry or Rs.
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gives a pair of conjugate semi-diameters such that (0@1, 0@2) # (0Q1,0Q2). Indeed, let us
suppose, for instance, that 1 = Q1. Then, as we observed above, P, = M or N and P, = O.
But, in turn, the condition P, = O implies Q2 # Q3. |

To conclude, we assume that OP;, OP, C w do not both vanish and that OP; || OP,. Then
we consider the degenerate ellipse £p, p, = M N, according to Def. 1.9. Applying Claims 2.21
and 2.22, we deduce the following;:

Claim 2.23 Let II, : R? — w be non-degenerate and such that €, is a hyperbola. Besides, let
Ep,,p, = MN be a degenerate ellipse inscribed in €, and let ¢ be the plane through M N and
parallel to the projection direction given by v.

Then 2 N(¢ is an ellipse, with center O, such that 11, (7 N¢) = Ep, p,. Furthermore, there

are Q1,Q}, Q2, Q% € A N such that TI;H(P) N A = {Ql,Q’l}, ;Y (P) N = {Qq,Q4} and
(0Q1,0Q2), (0Q},0Q%) are distinct pairs of conjugate semi-diameters of F N (.

Proof. Since M N is a segment through the origin O and M, N € %, by Claim 2.21 we know
that & = 2 N ( is an ellipse, with center O. Then we can easily see that

I, (€) = Ep,.p,. (2.55)

Indeed, assuming Ep, p, = MN inscribed in the hyperbola €., we have: Ep p, C I (E),
because Ep, p, C int(%y), and also Ep, p, D II,(£) because M, N € 6. To proceed, we recall
that Ep, p, = M N implies

IMN> = 4(|OP,|* + |OP|?). (2.56)

Moreover, we note that
Y (PN =TI (P)NE for i=1,2

and that £ has oblique symmetry, in the direction of v, with respect to the line [, = ¢ N7y %
We can therefore apply part 2) of Claim2.22 with & = # N and [, = ¢ N7y and this
immediately gives the thesis. a
2.5 Some properties of the tangent planes of 7
Definition 2.24 Given P € 7, we denote with T »(P) the tangent plane to 7 at P.
It Pe s, P= P(xp,yp, zp), we recall that

Tw(P): zpx + ypy — 2p2 = p°. (2.57)
Claim 2.25 If P,Q € 5 and O is the origin of coordinates, then

OFP [ T#(Q) < 0Q || Ty(P). (2.58)

Proof. Indeed, given P = P(zp, yp, 2p) € H and Q = Q(zq, Yq, 2q), We have that
0Q || Tw(P) < xpro+YpYg— 2p2g =0. (2.59)
But the last condition of (2.59) is symmetric with respect to P and @ if P,Q € JZ. a

Taking into account the oblique symmetry of % with respect to the plane 7y (Def. 1.2), applying
Claim 2.25 we easily get the following:

24 Tt turns out that Iy = ¢ Ny is the line, through O, parallel to the direction conjugate to that of v.
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Corollary 2.26 If P,Q € 27 and P',Q’ are m,—symmetric to P,(Q respectively, then
OP | T#(Q) & OP || Tx,(Q) (2.60)

and
OP | TA(@) & 0Q| Tu(P). (2.61)

Proof. Recalling Def. 2.3 and Rem. 2.4, we easily have

where Sy is the oblique symmetry with respect to the plane 7y, in the direction of v. This
immediately gives (2.60). Then (2.61) follows from (2.60) and Claim 2.25. O

Definition 2.27 Assuming OP }f OQ, we denote with (O, P, Q) the plane through the origin O
and the points P,Q. With € (P, Q) we indicate the admissible conic

¢(P,Q) Y #n(0,PQ). (2.63)

Moreover, given R € €(P,Q), we will denote with Ty(pg)(R) C (O, P,Q) the tangent line to
€ (P, Q) passing through the point R.

Remark 2.28 By (2.57) and (2.59), if P € A then OP }f Ty (P). More generally,
P,Qe A and OQ| Tn(P) = OPHOQ, (2.64)
because OP || OQ = OP || Ty (P). Further, if OP ) OQ and R € H then
Tw(R) N (O, P,Q)#0 = Tx(R)K(O,PQ), (2.65)

because, by (2.57), O € T (R). In particular, this implies that the plane (O, P, Q) has always
transverse intersection (i.e., it is never tangent) with the hyperboloid F .

Claim 2.29 Suppose P,Q € . Then OP || T»(Q) < OP }f OQ and €(P,Q) = 2 N
(O, P,Q) is an ellipse with (OP, OQ) as a pair of conjugate semi-diameters.

Proof. = By the first part of Rem.2.28, we already know that OP Jt OQ. This implies
that €(P,Q) = 2 N (0O, P,Q) is an admissible conic in the sense of Def.2.6. In particular,
% (P, Q) admits tangent line in each of its points. Besides, by the second part of Rem. 2.28,
T#(Q) }f (O, P,Q). Hence we deduce that the tangent line Ty (p ) (Q) satisfies

Ty (pg)(Q) = T#(Q) N(O,P,Q), (2.66)

because it is clear that Ty (p)(Q) C T (Q) and that Ty (pqy(Q) C (O, P, Q).
Then, since OP || (O, P, Q) and we suppose OP || T,»(Q), it follows that

OP || T¢(pg)(Q). (2.67)

Moreover, by Claim2.25, OP || T»(Q) < OQ || Ty (P). So with the same arguments used
above we can prove that

0Q || Tg(pg)(P)- (2.68)
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From this we deduce that % (P, Q) must be an ellipse, because (2.67) and (2.68) cannot both
be true if (P, Q) is a hyperbola or a pair of distinct, parallel lines which are symmetric with
respect to the origin O. 2> Having proved that €' (P, Q) is an ellipse, again from (2.67) and
(2.68), we deduce that (OP,0Q) is a pair of conjugate semi-diameters.

< The inverse implication is immediate from the properties of semi-diameters of an ellipse. O

To proceed, taking into account Defs. 1.6, 1.9, we can state the following:

Claim 2.30 Let Il : R® — w be a parallel projection. Let Q1, Q2 € H such that OQ1 || T (Q2)
and let Py =11y(Q1), P» =11y(Q2). Then we have:

(1) If OP, }f OP,, then Il 0.01.00 :(0,Q1,Q2) — w defines an affine map such that
1,02

I (¢(Q1,Q2)) = Epy,p, - (2.69)
If we further suppose that 1l is non-degenerate, then Ep, p, is tangent to 6.

(2) If OPy || OPs, then 11y (€ (Q1,Q2)) is the degenerate ellipse Ep, p, determined by the seg-
ments OPy, OPs. If we further assume that Il is non-degenerate, then 6. is necessarily
a hyperbola and € circumscribes Ep, p, (in the sense Def. 1.9).

Proof. By Claim2.29, we already know that OQ; } OQ2 and that €(Q1,Q2) is an ellipse
with conjugate semi-diameters OQ1, OQ2. Besides, having I, (Q1) = P1, IIy(Q2) = P» with
0Q1 }f OQ2, the segments OP;, O P, cannot both vanish. Hence we may consider the (eventually
degenerate) ellipse Ep, p,.

(1) In this case, we have that

OP1 ,H'OPQ and Hv(Ql) = Pl, HV(QQ) = P2 — VH’ <O,Q1,Q2>. (270)

So the restriction
II (0, Q1, — w
] oauan O @02

defines an affine transformation. Having I, (0OQ1) = OP; and II,(0OQ2) = OP,, it is therefore
clear that (2.69) holds. Next, we define

l: <05Q17Q2> mﬂ-v~

Noting that [ is a straight line through the origin O in (O, @1, Q2), or all plane (O, Q1, Q2), it
is clear that

¢ (Q1,Q2) N1 #0, (2.71)
because € (Q1,Q2) = H N (0,Q1,Q2) is an ellipse, centered at O, in (O, Q1,Q2). Hence

C(Q1,Q2)N (A Nmy) =N (0,Q1,Q2) Ny =F(Q1,Q2) NI # 0. (2.72)

% If €(P,Q) is an hyperbola, just note what happens for H : Z—z — z—z = 1. Given @ = (xq,¥yq) € H and

P = (zp,yp), it follows that OP || T(Q) iff 2452 — %432 — 0. This means that z, = k1%, y, = k=4 for some
2 2 2 2

k € R. But then Z—g — ‘Z—g = ag—;(Z—g — %) = f%. Thus P ¢ H regardless of the value of k. If € (P, Q) is a pair

of distinct, parallel lines which are symmetric with respect to O, it is obvious that (2.67), (2.68) cannot hold.
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This, in turn, implies that
Epp, NI (A N7y) =T (€(Q1,Q2)) N1y (A N7y) # 0. (2.73)
Then, if we suppose Il is non-degenerate, (2.73) gives
Epp, NGy # 0. (2.74)

By 3) of Claim 2.19, £p, p, and €, are therefore tangent at any point of Ep, p, N €.

(2) Assuming OP; || OP, it follows that ¢ = (O, Q1,Q2) is the plane through O, P, P» and
parallel to the vector v. We can then apply part 1) of Claim 2.22 with £ = € (Q1,Q2). It easily
follows that

Hv(Cg(Qla Q2)) =MN = 5P1,P27 (275)

because we already know that OQ1,OQ2 are conjugate semi-diameters of € (Q1,Q2) and, by
(2.45), we have |[MN|? = 4(]OP1\2 + \OP2|2).

To proceed, since € (Q1,Q2) is an ellipse in ¢ = (O, Q1,Q2), we can prove as in case (1)
above that Ep, p, N II (,%” N 7TV) # (). If we now suppose Il is non-degenerate, we have

MNN%, 0. (2.76)

This means that the line ¢ through M, N is a line through O such that ¢ N %, # (). Then,
applying Claim 2.21, we see that %, must be a hyperbola, because € (Q1,Q2) = # N is an
ellipse. 20 Finally, 4, circumscribes Ep, p,. In fact, we have shown above that MN N %, # ()
and, by Cor.2.13, we know that M N C int(%,). So we have M, N € %, since M, N (as well
%v) are symmetrical with respect to the origin O. O

Remark 2.31 Under the assumptions of (1) of Claim 2.30 and taking into account Defs. 2.7,
2.8 and Cor. 2.13, if the projection 1l is non-degenerate we can also say that:

e ¢y is inscribed in Ep, p,, if €y is an ellipse. In particular, we have €, = Ep, p, if and

only if 7y = (0, Q1,Q2).

e ¢y circumscribes Ep, p, if €y is a hyperbola.

3 Hyperbolic Pohlke’s projection in the circular case

In this section we will explicitly determine the hyperbolic Pohlke’s projection II, : R?® — w when
in Def. 1.4 we also assume that two of the segments OP;, OP,, OP5 are equal and perpendicular.
Before proceeding we recall that, according to Def. 1.2, the points P, P’ are my—symmetric if
P, P' are obliquely symmetrical with respect to the plane 7y, in the direction of v. That is,
P" = 8, (P) where Sy is the map introduced in Def. 2.3. Moreover, if II, : R® — w is a hyperbolic
Pohlke’s projection in the sense of Def. 1.4, we note that:

Remark 3.1 Considering the symmetries Sy, with respect to my, and Sy, with respect to the
plane mx = w (i.e. the usual symmetry with respect to w), it is immediate to see that:

26 Noting (2.75), we may deduce directly from Cor.2.13 that %, must be a hyperbola. In fact, we have
O € MN C TIy(#) and this means that %, cannot be an ellipse.
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o If Q1,Q2,Q3 € H satisfy the conditions (1.15), (1.16) of Def. 1.4 then, by Cor. 2.26, also

the points Q) = Sv(Q1), Q4 = Sv(Q2) Q4 = Sv(Q3) satisfy (1.15),(1.16). This means
that in Def. 1.4 the triads Q1,Q2, Q3 and Q}, Q4, Q5 are perfectly equivalent.

o Let us denote with I, : R? — w the symmetric projection with respect to w, i.e.,
I, (P) = II,(Sk(P)) for P € R3. (3.1)

Then Ty, with the points Si(Q1), Sk(Q2) and Sk (Q3), still gives a hyperbolic Pohlke’s
projection for OPy,OPy, OPs. Observe also that if v = Sk(v), then

II, =1IIy and g( N7g)=1(H Nmy). (3.2)

3.1 The circular case

We consider here the problem of determining the hyperbolic Pohlke’s projections II, : R? — w
in the circular case. More precisely, for OP;, OP,, OP3 C w such that

OP1 1 OP2 and ’OP1| = |OP2| =1. (33)

To begin with, according to Def. 1.4, we need to find II, : R3 — w non-degenerate and then
Q1,Q2 € H(p) such that

y(Q1) = P1, TIy(Q2) = P> with OQ1 || T (Q2).

Assuming such a projection exists, from (1) of Claim 2.30 we deduce that Ep, p, must be tangent
to ¢v. Since &p, p, is the circle with center O and radius r = 1, we have two possibilities:

e If €, is an ellipse (circle), having to be inscribed in &p, p, (by (1) of Cor.2.13), %, must
have semi-major axis a = 1 (radius r = 1).

o If %, is a hyperbola, having to circumscribe &p, p, (by (2) of Cor.2.13), %, must have
transverse semi-axis a = 1.

Then, from Claim 2.15 and Rem. 2.17, we conclude that:

Claim 3.2 If (3.3) holds and if there is a hyperbolic Pohlke’s projection for OP;,OPs, OP;s
(according to Def. 1.4), then p = 1. That is, we have

%”::%”(1):{(x,y,z)€R3’x2+y2—22:1}. (3.4)

After this, again assuming that the hyperbolic Pohlke’s projection Il exists, we note that (3.3),
(3.4) imply Pj, Py € 5. Thus we must have:

P1 = Ql or Qll and P2 = Qg or QI2.27 (35)
But to satisfy the conditions of Def. 1.4 it is necessary to set

Q1 =P and Q2 =P (3.6)

2T Given Q € 7, by (2.59) we have OP || T (Q) < zpxq+ yryq — 2p2g = 0. Therefore, if Pi, P> € w are
such that OP, L OP,, then OP: || Ty (P:) and OPs | T (P1).
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or, equivalently, Q] = P; and Q) = P». 2% In fact, if we set Q1 = P, and Q) = P», applying
Cor. 2.26, we find:
0Qs | T (@) & 0Q1 | T (Q5) < OPy || Ty (Qs), (3.7)
0Q2 || Tw(Q3) < 0Q4 || T (Qs) & OP: || Ty (Qs). (3.8)
Now, from (2.59), it is easy to see that
OP, | T (Q4) and OP, || T (Q5) = 0Q% L w? (3.9)

and the latter condition cannot be satisfied if Q% € . Since the same argument works if we try
to define Q) = P, and Q2 = P», we are forced to assume (3.6). Moreover, by choosing Q1 = P,
and Q)2 = P», we must also have

Qs # Q- (3.10)

Indeed, if Q3 = Qf, from Cor. 2.26 and condition (1.16) we easily deduce that OP; || T (Q3)
and OP, || Ty (Q3). Hence, as in (3.9), we find OQ3 L w which cannot be satisfied. In
conclusion, noting that (3.10) implies Q3@ || v, we can say that:

Conditions 3.3 Having fixed the points ()1 = P, Q2 = P, as in (3.6), to have a hyperbolic
Pohlke’s projection for OP;,OP,,OPs as in (3.3), it is necessary and sufficient to determine
Qs3, Q5 € A (1), Qs # Q%, such that the following conditions are true:

(a) OPQ || Tﬂ(OQg) and OP1 ” Tf(OQé) (i.e., OQg || TW(OP{), by Cor. 2.26),’
(b) Q3Q% }f w, because Q3Q% gives the direction of projection onto w;

(¢) Qs, Qf, P3 are collinear (i.e., IIy(Q3) = I, (Q%) = P3);

(d) v = Q30Q% gives a non-degenerate projection direction.

3.2 Explicit determination of II, in the circular case

To proceed, we may suppose that the coordinate axes x,y are oriented in space such that

1 0 x
P=101], P= 1 and Ps=| vy |. (3.11)
0 0 0

In particular, in this system we have

OP, = 2 OP, +yOP;. (3.12)

28 In the following will not distinguish between these two possibilities because, by Rem. 3.1, we know that the
triads Q1, Q2, @3 and Q}, Q%, Q% are equivalent.

2 Given Q = (2q,yq,29) € # and Py, P> € w such that OP; }f OP,, we have that OP1, OP; | T (Q) <
g = yq = 0. But the latter condition is equivalent to OQ L w.
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Then, taking into account (2.59), we see that (a) in Cond. 3.3 is satisfied iff Q3 € 7 N{y =0}
and Q4 € 7 N{z =0}. Thus we can express Q3 and Q% in the form

cosh™ 0
Q3 = 0 and Q4= [ cosh*B (o, B € R), (3.13)
sinh « sinh 3

where, for simplicity, we have set
cosh*t & & cosh¢. 30 (3.14)
Having (3.13), it is clear that Q3 # Q% and that (b) in Cond. 3.3 holds iff
sinh a # sinh 3. (3.15)

e
Besides, (c) of Cond. 3.3 is verified iff P3 = Q3 +t Q3Q% for some t € R. That is,

x cosh™« — cosh™
y | = 0 +t cosh* 3 for some ¢ € R. (3.16)
0 sinh a sinh 8 — sinh «

Now, assuming that (3.15) holds, we will first study the solvability of the system (3.16) and
then we will verify if also (d) of in Cond. 3.3 is satisfied, i.e., if the projection direction found is
non-degenerate. We will distinguish two cases to this aim:

3.3 Case OPF; || OP, or OP;s || OP,

Suppose first OPs || OP», that is = 0. Since cosh*a # 0, the first equation of (3.16) gives
t = 1. Then, considering also the third equation, we find sinh § = 0. Thus cosh™3 = +1 and
sinh  # 0. Summarizing up, when =z = 0 system (3.16) is solvable iff

0
Pa==+[1]. (3.17)
0
If (3.17) holds, then we have
cosh*a
Q3 = 0 with o #0, Q5= Ps. (3.18)
sinh «
—
Noting that the projection direction is given by v = @Q3Q%5 = —(cosh*a)i £ j — (sinha)k,

condition (d) is certainly true because (cosh* @)? + 1 — sinh® @ = 2. In conclusion, when x =0
there are no hyperbolic Pohlke’s projections if (3.17) fails, infinitely many if (3.17) holds. O

30 Just to have a simple parametrization of the entire hyperbolas 2 N {y = 0} and 4 N {x = 0}, suitable for
subsequent calculations.
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Now suppose OPs || OP;, that is y = 0. Reasoning as in the previous case, we find that when
y =10 (3.16) is solvable iff

1
Ps=+1 0 |. (3.19)
0
If (3.19) holds, then we have
0
Qs =P, Q3= cosh*p with 8 # 0. (3.20)
sinh 3

—
As above, (d) of Cond. 3.3 is true because v = Q3Q% = £i+ (cosh*f)j+ (sinh 3) k. Thus there
are no hyperbolic Pohlke’s projections if (3.19) fails, infinitely many if (3.19) holds. O

Summing up, taking into account Cond.3.3, we have proved that:

Lemma 3.4 If (3.3) is verified and OPs||OP; (or OPs||OP,) then there are infinitely many
hyperbolic Pohlke’s projection for OPy, OPy, OPs if |OPs| =1, none if |OPs| # 1.

3.4 Case OP; y OP, and OP; }f OP,, that is xz,y #0
We note first that the condition =,y # 0 in (3.16) implies
sinh o, sinh 8 # 0. (3.21)

Indeed, if sinha = 0, (3.15) and the third equation of (3.16) give ¢ = 0. Then the second
equation of (3.16) implies y = 0, contrary to our assumption. Similarly we find that sinh 5 # 0.

Taking into account this fact, we deduce now a set of necessary conditions for the point P;
to be collinear with Q3, Q% (i.e., to satisfy (3.16) for some ¢ € R) when (3.15) and (3.21) hold.
After that, we will prove that these conditions are also sufficient.

Assuming that (3.16) is true, by (3.15) and the third equation of (3.16), we have

sinh o
= — - .22
sinh o — sinh 3 (3.22)

From (3.21) it follows that ¢ # 0,1 and that

h*a sinh
x = cosh™a — % = x# 0, cosh*a; (3.23)

cosh™ 3 sinh a

= h*A. .24
Y= Sinha — sinh 3 = y 7 0, cosh™s (3.24)

Then . y
=1. 2

cosh™« + cosh™3 (3.25)

From (3.24), (3.25) we obtain
. x cosh™3
cosh"oo = —————,
cosh*B —y (3.26)
. y sinh g8 '
sinha =

y — cosh*g’
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because, by (3.24), we know that y # cosh™f3.
Next, since (cosh*a)? —sinh? a = 1, from (3.26) we have

2%(cosh*B)? — y?sinh? B = (y — cosh* )% (3.27)
Hence, simplifying the expression above, we find
[(ac2 —y? — 1) cosh*f + 2y | cosh* = 0. (3.28)

Since cosh* # 0 and (by (3.24)) y # 0, we deduce that:

22— 2 — 140, (3.29)
and then )
* )
h"g = ———F——. 3.30
cosh*3 P — ( )

Noting that x # 0, cosh®a (see (3.23)) by similar arguments we can derive that

Yy — 2 — 140 (3.31)
and )
% —2X
cosh™a = m . (332)

Finally, since (3.21) is equivalent to |cosh*a| > 1, |cosh*f| > 1, from the expressions (3.30),
(3.32) we deduce the conditions:

2x
y2_$2_1

2y
22 —y2 -1

(4)

‘>1 and  (i1)

‘ > 1. (3.33)

Summing up, we have:

Claim 3.5 If (3.15), (3.21) are verified and if P3 = (x,y,0) is given by formula (3.16), then
the necessary conditions (3.29), (3.31) and (3.33) are satisfied.

Definition 3.6 We will denote with X the subset of R? where (3.29), (3.31) hold, i.e.,
S Y f(@y)| 22— # 1) (3.34)
The solution region of (3.33) is given by the following:
Lemma 3.7 A pair (z,y) € X satisfies the conditions (3.33) (i) and (i) iff
|| + |yl >1 and “x\ —lyl| <1 (3.35)

or, equivalently,
+y+)(z+y—D(z—-y+1)(z—y—1)<0. (3.36)
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Proof. The inequalities of (3.33) is invariant under symmetry with respect to the coordinate
axes, i.e., on replacing (z,y) with (£x,+y). So it is sufficient to solve (3.33) for z,y > 0.
Besides, we can obtain the first of (3.33) from the second, and vice versa, by permutation of the
variables z, y. Hence it is sufficient to solve the second inequality of (3.33).

To begin with, for (z,y) € ¥ with z,y > 0, inequality (3.33) (ii) is equivalent to

—2z <y? —2? - 1< 2z, (3.37)
that is
(z -1 <y? < (z+1)>% (3.38)
which, in turn, is equivalent to
v -1 <y<z+1, (3.39)

because x +1 > 0 and y > 0. Next, it easy to see that
{@y|lz—1<y<z+1}={(z,y)|z+y>1, [z —y| <1} C {z,y>0}. (3.40)
Thus, for x,y > 0, the solution region of (3.33) (ii) is given by
Q=Yn{(zy|z+y>1, l[z—yl <1} (3.41)

The set €2 in (3.41) is symmetric with respect to x,y. By the previous considerations, ) gives
also the solution region of (3.33) (i) for z,y > 0 and, taking into account the symmetry with
respect to the axes, from this we immediately obtain (3.35). Finally, it is easy to verify the
equivalence of (3.35) and (3.36), because they define the same subset of R x R. O

So far, we have proved that:

Claim 3.8 If the conditions (3.15), (3.21) are verified and if P = *(x,y,0) is given by (3.16),
then (z,y) € X and

g(z,v) def (r+y+Dz+y—Dz—-—y+)(z—-y—-1)<0.3 (3.42)
The converse is also true:

Claim 3.9 If a point P =*(x,y,0) is such that (z,y) € ¥ and (3.42) holds, then P is given by
formula (3.16) for suitable «, B satisfying (3.15), (3.21).

Proof. Let us suppose that (z,y) € X satisfies (3.42). Then, by Lem. 3.7, there are (unique
except for the sign) «, 5 such that
—2z —2y

cosh*a = ————5—— and cosh™ = —
T

P et (3.43)

Since |cosh*t| > 1 = sinht # 0, condition (3.21) is certainly verified. With cosh*«, cosh*j
such that (3.43) holds, the first two equations of (3.16) are satisfied by

_y2—a:2+1

t
2

(3.44)

31 Note that condition (3.42) implies z,y # 0.
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Then, with ¢ as in (3.44), the third equation of (3.16) is verified iff

sinh g8 y? —a2? -1
_— = . 3.45
sinh v 2 —y? -1 (3:45)

Now, introducing the expressions (3.43) inside the identity sinh®¢ = (cosh*t)? — 1, we obtain

9(x,y)

(22— 2 —1)2°

9(,y)

. 2 o
m and sinh ﬁ = —

sinh’a = — (3.46)

where g(z,y) is the quantity defined in (3.42). Since we are assuming g(z,y) < 0, we may
conclude that (3.45) holds iff

(sinh o, sinh B) = + ( v :gx(f’_y) , Y _g(x’y)) (3.47)

Y 17 22 —9y2 -1

Finally, it remains to note that for (z,y) € X the relation (3.45) gives also the inequality
sinh a # sinh 3, i.e., condition (3.15). In conclusion, we have proved that there are «, 3 such
that both conditions (3.15), (3.21) hold and P = !(z,y, 0) satisfies formula (3.16). O

Recalling (3.13), (3.43) and (3.47), we may conclude the following:

Claim 3.10 Let us suppose x,y # 0. Then system (3.16) with condition (3.15) is solvable <
(z,y) € X and (3.42) holds. Moreover, if (x,y) € X and (3.42) holds, then

1 —2x
Qs = P — 0
dv/—g(z,y)
with 6 = +1. (3.48)
0
Q=

- 2y
22241
Y 5/ —9(x,y)
Proof. As we have already observed at the beginning of section 3.4,
2,y #0 and (3.15), (3.16) = (3.21).

Therefore, it is sufficient to apply Claim 3.8 and Claim 3.9. a

The previous statement gives the necessary and sufficient conditions for the existence of
Q3, Q% such that (a), (b), (c) of Cond. 3.3 hold, i.e., such that there is a projection II, satisfying
(1.15) and (1.16) of Def. 1.4, when (3.3) holds and P53 = *(x,y,0) with z,y # 0.

So, in order to have a hyperbolic Pohlke’s projection, it only remains to verify if (d) of Cond. 3.3
holds when @3, Q% are given by (3.48). To this end, noting (3.13), we write:

—
v = Q3Q% = —(cosh*a)i+ (cosh*A3)j + (sinh 3 — sinh a)k, (3.49)

with cosh®a, cosh™ as in (3.43) and sinh «, sinh 8 as in (3.47). Then we have:
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Claim 3.11 Let P; = Y(z,y,0) with (z,y) € ¥ such that (3.42) holds. Then the projection
direction v = li+ mj + nk given by (3.49) satisfies

x? + y2 -1
(x> —y?)? = 1
Proof. Assuming (z,y) € X and (3.42), the expressions (3.43) and (3.47) are well defined real
numbers. Then writing v as in (3.49) and using (3.47), we find that

P4+m?—n?=4 (3.50)

12 + m? — n? = (cosh*a)? 4 (cosh*B)? — (sinh B — sinh «)?
= 2(1 + sinh « sinh 5)

_ 9(,y)
“2[ G ) 1)
5 [1 _ g9(xy) ]
(22— y2)2 — 1
22 21
e Er e B

Finally, taking into account Rem. 3.1, Claim 3.2, Cond.3.3 and summing up, we have:

Lemma 3.12 If (3.3) is verified and if OP3 }y OPy,OP;, then there is a hyperbolic Pohlke’s
projection 1l for OPy, OPs, OP;5 if and only if

OP; =x0OP; +yOP;, (3.52)

with (z,y) such that (3.42) holds and

flay) C @+ - 1)@ -2 — 1)@ —y? +1) £0. (3.53)

If the conditions (3.42) and (3.53) are verified, then the hyperbolic Pohlke’s projection Il is
unique up to symmetry with respect to the plane w. The conic 6y is unique and % is an ellipse
if f(z,y) <0, while €y is a hyperbola if f(x,y) > 0.

Proof. Let us first note that
fz,y) #0 < (z,y)€X and 2® +y* #1. (3.54)

Suppose now that (3.42), (3.53) are true. Then the existence of a projection II, : R3 — w
satisfying (1.15), (1.16) of Def. 1.4 follows from Claim3.10. Thanks to Claim3.11 and (3.54),
the condition f(z,y) # 0 also implies that (d) of Cond. 3.3 is true, i.e., Il is non-degenerate.
Hence Il is a hyperbolic Pohlke’s projection for OP;, O P, OPs.

Conversely, let II, be a hyperbolic Pohlke’s projection for OP;, OP,,OP;. Taking into
account Cond. 3.3 and the arguments at the beginning of Section 3.2, we deduce from Claim 3.10
that (z,y) € X and (3.42) holds. Furthermore, the points Q3, Q% are necessarily given by (3.48).
Since II, is non-degenerate, (3.50) of Claim.3.11 gives 22 + 32 # 1. By (3.54) we can finally
see that also (3.53) holds.

As for the uniqueness of II,, we recall that by Claim 3.2 we necessarily have p = 1, that is
' = #(1). Furthermore, the vector v = Q3Q%, given by Claim 3.10, is uniquely determined
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up to choosing the plus and minus sign in formula (3.48). This means that we can obtain only
two projections, IT, and II,, which are symmetric with respect to the plane w (according to
the second part of Rem.3.1). Hence, taking into account that J# = (1), from (3.2) we may
conclude that 4, = Il (2 N my) is unique. Finally, assuming that the hyperbolic Pohlke’s
projection exists, by Cor.2.11 and (3.50) above, the conic %, is an ellipse or a hyperbola
depending on whether it is f(z,y) > 0 or f(z,y) <O0. a

4 Proof of Theorem 1.8

(1) = (2). It is sufficient to apply part (1) of Claim 2.30 first and then Cor. 2.13.
Indeed, since we are assuming OF; }f OP; (1 < i < j < 3) by the conditions (1.15), (1.16) of
Def. 1.4 and part (1) of Claim 2.30, we have:
Iy(Q1) = Pr, Iy(Q2) = P and OQq || T (Q2) = Iy(€(Q1,Q2)) = Ep .y (41)
Iy (Q2) = P, Iy(Q3) = P35 and  OQ2 || T (Q3) = 1v(€(Q2,Q3)) = Eppy  (4.2)

and, noting that Il (Q}) = Pi,

I (Q3) = P, Ty(Q}) = Pr and 0Q3 || Tr(Q)) = Ty (€(Q3,Q1)) =Epyp,- (43
Furthermore, £p, p,, €p,.p;, Epy,p, are tangent to
G =1y (H Nmy). (4.4)
Then, since Ep, p,, Ep,.py, Epyp, C Iy (), by Cor. 2.13 we finally deduce that:
e ¢, is inscribed in Ep, p,, Ep,.py, Epy,p, if Gy is an ellipse;
e ¢, circumscribes €p, p,, Ep,.py, Epy,p, if €, is a hyperbola.

In conclusion C = % is a hyperbolic Pohlke’s conic for OP;, OP,, OP5.

(2) = (1). This implication can be obtained by first applying Claim 2.15, Rem. 2.17 and then
Claim 2.19 and Claim A.3 of the Appendix.
Indeed, let C be a hyperbolic Pohlke’s conic for OP;, 0Py, OP3. We fix s = ¢ (p) with

p = major/transverse semi-axis of C (p = radius, if C is a circle). (4.5)

Then from the three cases of Rem. 2.17 we obtain, up to symmetry with respect to the plane w,
the projection direction, i.e., the vector v. Moreover, by Claim 2.18, v is non-degenerate.
This means that we can realized C as a projection of a section the hyperboloid 2 = J(p).

More precisely, we have:
def

C=1(Nry) = G- (4.6)
After that, we consider £p, p,, Ep, p, and Ep, p,, which are tangent to ¢, by Def. 1.7. Starting
with €p, p,, by 1) of Claim2.19 there is a plane 7, through the origin O, such that 7 N is
an ellipse and Iy (5 N7) = Ep, p,. 32 Then, by 2) of Claim2.19, there are Q1,Q2 € ' N7

32 From (2.36) we know that H‘,|7r : ™ — w is an affine transformation. Hence J# N7 must be an ellipse.
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such that II(Q1) = P, II(Q2) = P» and OQ1,0Q are conjugate semi-diameters of the ellipse
S N . With the notation of Def. 2.27, this later fact implies OQ1 || T(@,,@.)(Q2). Then

0Q1 || T4(Q,,0,)(Q2)  and  Tig(q,,g,)(Q2) C Tr(Q2) = OQ1 || Tor(Q2). (4.7)

So the first condition of (1.16) is satisfied. To proceed further, we consider £€p, p,. Again from
1) and 2) of Claim 2.19 we can find a plane 7, through O and @2, such that J# N7 is an ellipse
and Iy (2 N7) = Ep, p,. Besides, we can also find a point Q3 € 5 N7 such that I1(Q3) = P
and OQ3, 0Q3 are conjugate semi-diameters of 7 N7. As above, we deduce that

0Qs | T (Qs). (4.8)
So, the second condition of (1.16) holds. Finally, we consider the ellipse £p, p,. Noting that
N (P) N ={Q1,Q1}, (4.9)
and reasoning as above, it is clear that at least one of the following must be true:
0Qs | Tw(Q1) or OQs || T (QY). (4.10)
But, by Claim A.3, we cannot have the sequence
O0Q1 || T (Q2), OQ2 || T (Q3) and OQ3 || Tor(Q1), (4.11)

with Q1,Q2, Q3 € 7. Hence the second (and only the second) of (4.10) is true. In conclusion,
we have found Q1,Q2, Q3 € J such that (1.15) and (1.16) hold.

4.1 The equivalence of (1),(2) with (3)

To prove that (1),(2) < (3) when OP;, OP,, OP;5 are non-parallel, we resort to an appropriate
circular case. More precisely, let N1, No € w such that

ON1 1 ON2 and ’ONl‘ = ’ONQ‘ =1. (4.12)

Since OP; }t OP,, we may consider the affine transformation ® : w — w defined by

— — — —
(O +20P, +y0P,) ¥ 0+20N, +yON, for z,y€R. (4.13)

It is clear that ®(P;) = Ny, ®(P,) = Na. Besides, if OP3 = hOP) + kOP;, then

N3 % &(Py) = 0 + hON; + kONs. (4.14)
Hence
ON3 = hON; + kON, and ON3 Jf ONy, ONo, (4.15)

because OPs }f OP;, 0P, (i.e., h,k # 0).

As it is known, an affine transformation maps conjugate semi-diameters of a central conic
into conjugate semi-diameters of the transformed conic. 14 This means that ®(Ep, p,) = Eny No
®(Ep, py) = Eny Ny and ©(Ep, p) = Eny,N,. Besides, if C is a hyperbola (ellipse), with center
O, which circumscribes (is inscribed in) €p, p,, €p, Py, €y p,, then ®(C) is a hyperbola (ellipse)
centered at O which circumscribes (is inscribed in) En, Ny, Eng N5 ENg N, -

The converse is also true, because ®~! : w — w is still an affine transformation. Hence, according
to Def. 1.7, we can state the following:
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Claim 4.1 If C is a hyperbolic Pohlke’s conic for OP;,OPy, OPs, then ®(C) is a hyperbolic
Pohlke’s conic for ON1, ONo, ON3, and vice versa.

(1),(2) = (3). Now let us suppose that (2) holds, namely that there is a hyperbolic Pohlke’s
conic C for OP;,OP,,OP;. Then
Co =2(C) (4.16)

is a hyperbolic Pohlke’s conic for ON7, ON3, ON3. Hence, having already proved that (1) <
(2), there is a hyperbolic Pohlke’s projection for ON;,ON2, ON3. By (4.12) and (4.15) we
can therefore apply Lem. 3.12 to ONy, ON3, ON3. Thus we conclude that h, k& must satisfy the
conditions (1.17) and (1.18).

(3) = (1),(2). Conversely, let us suppose that (3) hold, i.e., h, k satisfy the conditions (1.17)
and (1.18). Then, by Lem. 3.12, there is a hyperbolic Pohlke’s projection for ONy, ONa2, ONy .
By the equivalence (1) < (2), we deduce the existence of a hyperbolic Pohlke’s conic, say C,,
for ON1,ONs,ON3. Then,

C=aC,) (4.17)

is a hyperbolic Pohlke’s conic for OP;, OP,, OPs. Thus we have proved that (2) holds.

4.2 Uniqueness of II,,C and conic type of C

The uniqueness properties of hyperbolic Pohlke’s conic C and of hyperbolic Pohlke’s projection
11, follow immediately from the circular case studied in Section 3. In fact, if we assume condition
(3.3), by Claim 3.2 we necessarily have p = 1, that is . = J(1). Besides, by Lem. 3.12, the

projection direction, given by the vector Q3Q% in (3.49), is unique up to symmetry with respect
to the plane w. That is, we have:

v vy or v|v. with vy =Ii+ mj+ nk, (4.18)

for suitable I,m,n such that n # 0 and [2 +m? — n? # 0. Therefore we have the uniqueness of
the hyperbolic Pohlke’s conic in the circular case, because

C=1I, (HNmy, ) =1, (HN7y_). (4.19)

Having proved the uniqueness in the circular case, applying the affine transformation ® : w — w
introduced un (4.13), we deduce the uniqueness of the hyperbolic Pohlke’s conic in general. As
for the hyperbolic Pohlke’s projection I, : R3 — w, it is enough to recall that the hyperbolic
Pohlke’s conic C uniquely determines the hyperboloid ## = #(p) and, up to symmetry with
respect to the plane w, the projection direction v. See Rem. 2.17.

Finally, since C and ®(C) are conic of the same type, by Lem.3.12 it is clear that the
hyperbolic Pohlke’s conic C is an ellipse if f(h,k) < 0, while it is a hyperbola if f(h,k) > 0.

5 Proof of Theorem1.11

We will first show that the equivalence (1) < (2) of Thm. 1.8 remains valid under the hypotheses
of Thm. 1.11, if we allow degenerate ellipses, in the sense of Def. 1.9, and if we replace Def. 1.7
with Def. 1.10 as hyperbolic Pohlke’s conic definition.
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According to the hypotheses, we will assume that OP;, OP,, OP; are not contained in a line,
but two of them are parallel to each other. More precisely, in the following we will suppose that

OP1 ,HOPQ and OPQ || OP3 (51)

(1) = (2). We apply part (1) of Claim 2.30 (as in the proof of Thm. 1.8) if OPF; }f OP;, and part
(2) of Claim2.30 if OF; || OP;. To begin with, since we suppose OP; }f OP», by the conditions
(1.15), (1.16) of Def. 1.4 and part (1) of Claim 2.30 we deduce that

II,(€(Q1,Q2)) = Ep,,p, and %, is tangent to Ep, p,. (5.2)

To proceed, we consider then the pair OP,,OP;. In this case OPF, || OPs, thus Ep, p, is a
degenerate ellipse in the sense of Def. 1.9. Hence, by part (2) of Claim 2.30, we deduce that

II,(%(Q2,Q3)) = Ep,,p, and that %, is a hyperbola circumscribing Ep, p,.

Knowing that %, is a hyperbola, from (5.2) and Cor. 2.13 it also follows that %, circumscribes
the ellipse £p, p,. Finally, we consider the pair OP3, OP;. Applying as above (1) of Claim 2.30
(if OPs Jf OPy) or (2) of Claim 2.30 (if P3 = O), we find that

I, (¢(Qs3,Q1)) = Ep, p, and %, circumscribes Ep, p;. (5.3)

In conclusion, we have proved that @y is a hyperbola circumscribing Ep, p,,Ep,.p;, Eps,p, - Hence
%y is a hyperbolic Pohlke’s conic, in the sense of Def. 1.10, for OP;, OP,, OPs.

(2) = (1). Let C be a hyperbolic Pohlke’s conic in the sense of Def. 1.10. By applying Claim 2.15
and Rem. 2.17 (as in the proof of Thm. 1.8) we can determine the hyperboloid J# = J#(p) and
the projection direction, represented by v, up to symmetry with respect to the plane w. It
automatically follows that v is non-degenerate (by Claim 2.18) and that

C=I,(#nm) Y%,

After this we consider the (eventually degenerate) ellipses Ep, p,,Epy.py, Epy - Using 1) and
2) of Claim2.19 (if OP; } OP;) or Claim 2.23 (if OP; || OP;) and then Claim A.3, we can show
that there are @1,Q2,Qs € F such that the conditions (1.15), (1.16) of Def. 1.4 are verified.
In this way we prove that Il is a hyperbolic Pohlke’s projection for OP;, OP, OPs.

Conclusion of the proof. We can now prove that under the assumptions (5.1) the are infinite,
distinct hyperbolic Pohlke’s projections (conics) if |OPs| = |OPs|, none if |OP;| # |OPs|.

To this end, we resort to the circular case as in the proof of Thm. 1.8. Namely, since we assume
OP, )t OP», we may consider the affine transformation ® : w — w defined in (4.13). In this case
we have ®(P;) = N;, for 1 <i <3, with

ON1 1 ONQ, ‘ONl‘ = ’ONQ‘ =1 and ONQ ” ON3. (54)

We note also that Claim 4.1 continues to hold even though we apply Def. 1.10 instead of Def. 1.7.
So we still have that C is a hyperbolic Pohlke’s conic for OP;, OP,, OPs if and only if ®(C) is
a hyperbolic Pohlke’s conic for ONy, ONg, ON3. 33

3 1t is worth noting that if £p ¢ is a degenerate ellipse, then ®(Ep,q) = Ea(p),0(Q)-
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Now, having ONs || ON3, by Lem. 3.4 there are infinite, distinct hyperbolic Pohlke’s projec-
tions for ON1, ON2, ON3 if |ON3| = 1, none if |ON3| # 1. By the equivalence (1) < (2) proved
above, it follows that there are infinite, distinct hyperbolic Pohlke’s conics for ONy, ONs, ON3
if |ON3| =1, none if |ON3| # 1. Since

‘ON3| =1 = ’OP3| = ‘OPQ’, (55)

we deduce that, under assumption (5.1), there are infinite, distinct hyperbolic Pohlke’s conics
for OP1,0P,,0Ps if |OPs| = |OP2|, none if |OP3| # |OP,|. Finally, again by the equivalence
(1) & (2), the same holds for the hyperbolic Pohlke’s projections.

A Appendix

A.1 Affine transformations of conics

By affine transformation between two planes 7,7 C E3 we mean here any map T : 7 — 7
such that if z,y and Z,¢ are coordinates in 7 and 7 respectively, and if P € w has coordinates
p = (z,y), then the coordinates p = (Z,y) of P = T(P) are given by

p=pA+gq, (A1)

where A is a 2 x 2, invertible matrix and ¢ = (q1, ¢2) is constant.
It is an elementary fact that affine transformations send a conic to a conic of the same type,
i.e. the structure of the conic is preserved:

Theorem A.1 Let T : 1 — 7 be an affine transformation between the planes w, 7. Then T
maps an ellipse to an ellipse, a parabola to a parabola, a hyperbola to a hyperbola and a degenerate
conic to a degenerate conic of the same type.

Proof. If C C 7 is a degenerate (i.e., reducible) conic it is clear that T'(C) C 7 is a degenerate
conic of the same type, because T is merely the composition of an invertible linear map with a
translation in the plane 7. If C C 7 is a non-degenerate we refer to [1, Thm. 12.12]. a

We use this fact many times in this paper, specially in the case where T is a parallel projection
in the direction of a given vector v such that v }f 7, 7, i.e.,

T(P):ﬁ'ﬂ{P—FtV’tGR} for Pem. (A.2)
Remark A.2 We also note, omitting the standard proof, that:

1) If the segments OP and OQ are conjugate semi-diameters of an ellipse € C w, then
T(OP) and T(OQ) are conjugate semi-diameters of the ellipse T(E) C 7.

2) With a slight abuse of language we can also talk about conjugate semi-diameters of a
hyperbola H: if the axes passing through OP and OQ are conjugate diameters, we say
that the segments OP,0Q are conjugate semi-diameters, with OP transverse, if in the
(generally) oblique coordinate system (x,y) given by these axes the equation of H is

e (A.3)
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with a,b > 0 such that the coordinates of P and Q are (+a,0) and (0,4b), respectively.
In this situation we could say that OP is the transverse semi-diameter and that OQ is the
corresponding "imaginary” conjugate semi-diameter. As in the case of the ellipse, if the
segments OP and OQ are conjugate semi-diameters of the hyperbola H C w, it turns out
that T(OP) and T(0Q) are conjugate semi-diameters of the hyperbola T'(H) C 7.

A.2 On the definition of hyperbolic Pohlke’s projection

In Def. 1.4 it may seem more natural to require the condition

OQ1 | T#(Q2), OQ2 || T#(Q3) and OQs3 || T#(Q1), (A.4)
rather than (1.16), i.e.,
0Q1 || T#(Q2), 0Q2 || T (Q3) and 0Qs || T (Q)), (A.5)

where Q) € J(p) is the point my — symmetric to Q1. But, if we replace condition (A.5) with
(A.4), then Def. 1.4 does not work.

Claim A.3 There does not exist Q1, Q2, Q3 € F(p) such that (A.4) holds.

Proof. In fact, writing Q1 = (z1,¥1,21), Q2 = (22,92, 22), @3 = (23,3, 23), by (2.59) we can
reformulate (A.4) in the equivalent form:

T1T2 +y1Yy2 — 2122 =0
Tox3 + Y2y3 — 2223 = 0 (A.6)
123+ y1ys — 2123 =0

Then, assuming @1, Q2 € (p) are such that OQ1 || T,»(Q2) (i.e., the first equation of (A.6)
holds), we can show that there does not exist Q3 € #(p) such that OQ2 || T, (Q3) and
0Qs || T (Q1) (i-e., the last two equations of (A.6) hold).

By contradiction let us suppose that such a point @3 exists. Noting that OQ1 }f OQ2 (see
Rem. 2.28), from the last two equations of (A.6), we deduce that:

r —z
T2 —z2

r1 Y1
T2 Y2

y1 —z

Yo —zo , R3 = A N (A7)

ys = —A

.%'3—)\’

for a suitable A\ # 0. To proceed, it is not restrictive to assume that the coordinate axes are
chosen such that Q1 = (x1,0, 21), that is,

Il
o

Y1 (A.8)

Hence (A.7) and (A.8) give
z3=Az1y2, Y3 = A(z122 — 2122), 23 = Az1y2 (A.9)

and then

2
953 + ?/?% - Z§ =\ [Z%yg + (37122 - 21562) - w%y%] . (A.10)
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Now, we observe that
(z% —11)y3 = —p’y3 because i — zi = p’. (A.11)
So, if 9 = 29 =0, from (A.10) and (A.11) we immediately obtain
x% + yg - z§ = —)\2p2y§ = —)\2p4 < 0.3 (A.12)

Since we must have 3 + y3 — 23 = p?, the inequality (A.12) gives a contradiction. Conversely,
let us suppose (x2, 22) # (0,0). With y; = 0 the first equation of (A.6) reads

r1 2
Z2 T2

= 0. (A.13)

Having assumed (z2, 2z2) # (0,0), we can deduce that
T1 = pza, 21 = pxe for a suitable p # 0. (A.14)

This means that ) )
(z120 — 2172)" = (zg - x%) . (A.15)
On the other hand, since 22 — 27 = p?, from (A.14) we also have

W2(5 —ad) = o, (A.16)

Taking into account (A.15), we therefore find

2
(120 — zw2)” = p? (25 — a3) = p*(y3 — %), (A.17)

because 73 + y3 — 22 = p?. Finally, from (A.10), (A.11) and (A.17), we obtain

w3y -2 =N [ — "3 + 0" (v3 — pz)} = -Np* <0, (A.18)
which gives the same contradiction of (A.12). O
In the case of the Def. 1.4, Claim A.3 has the following consequence:
Corollary A.4 If the points Q1,Q2,Q3 € J satisfy the conditions of Def. 1.4 then Q; # Q.
(that is Q; & my ) for <i < 3.
A.3 Examples of Hyperbolic Pohlke’s projection

For completeness we report the calculations necessary to obtain the examples Ex.1.12 and
Ex.1.13. After which, in Rem. A.5 below, we will make some general considerations.

Ex.1.12 (detailed calculations). To begin with, we set p = 1 and Q1(2,0, —/3).

Choice of Q2. We look for Qa(2, ¥z, 22) € S such that OQz || T (Q1). With Q1(2,0, —/3),
this is equivalent to require:

22 +y2—22=1 and 2z 4 V32 =0, (A.19)

34 Note that zo =20 =0 = y3 = p>
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that is, 4y§ =4+ zg and 229 = —v/322. We can take zp = 2, Yo = V2 and 9 = —v/3. So we
have the point Q2(—+v/3,v/2,2).

Choice of Q5. We choose Q5(z5,y5, 25) by imposing the same conditions as Q2:

Ay =4+ 237 2ah = —V/32. (A.20)
This time we can choose 25 = —3, y3 = 7 and z3 = —=>. Thus, we have Q3(*°, 7, —3)-

Choice of Q3. After Q2, Q% we need Q3(x3,y3,23) € J such that OQ2 || T»(Q3). Having
Q2(—+/3,4/2,2), this means that

w34y —25 =1 and — 33+ V2y3 — 223 =0, (A.21)
Here, we set 23 = 0. Then y3 = v/223 and 23 = 1. We choose 23 = 1 and we finally get the
pOint Q?)(Oa \/ia 1)

Determination of v. Since Q3 # Q3 and Q3Q3 }f w, Q3Q% gives a projection direction onto the
plane w. Furthermore, this direction is non-degenerate. Thus, we define v as in (1.25). In this

way we get Q5 = Q5 (i.e., Q3 is my—symmetric to Q3) and OQs3 || T,x(Q}), by (1.22).

Determination of P;, P», P3. Having fixed v, we can project the points @1, @2, Q3 into the plane
w. Setting P; = I1,(Q;) (1 <7 < 3) we find the points:

Pr= (15,9528 0), Py= (-26,5%20), Py = (35, 925,0) (A.22)

and we can see that OP;, OP,, OP5 are non-parallel. Finally, we note that
OP; = hOP; + kOP, with coefficients h = 55@;\3/5 k= ﬁjﬁ . (A.23)
As observed above in Ex. 1.12, the hyperbolic Pohlke’s conic is an ellipse. In fact, according to
Thm. 1.8, we find: g(5‘/§+3‘/6 10“'3‘/5) < 0 and f(5‘/§+3‘/é 10+3‘/§) < 0. O

5+7v2 7 5+7V2 54+7V2 7 5472
Ex.1.13 (detailed calculations). To begin with, we set p =1 and @Q1(1,1,1).
Choice of Q2. We look for Qa(z2,y2, 22) € H such that OQq2 || Ty (Q1). Since Q1(1,1,1), this
is equivalent to require:

224yl —25=1 and xy+yp— 2 =0, (A.24)
that is, —2xoys = 1 and 29 = x5 + y». For example, we can take xo = 1 and yo = —%. So we
have the point Q2(1, —%, %)

Choice of Q5. We choose Q5(z5, 5, 25) by imposing the same conditions as Q2:

—2x3y; =1, 23 =25+ ;5. (A.25)

This time we can choose x5 = % and y3 = —%. Thus, we have Qg(%, —%, %)
Choice of Q3. After Q2, Q% we need Q3(x3,y3,23) € J such that OQ2 || T»(Q3). Having

Q2(1, —%, %), this means that

224y2—22=1 and T3 — Sys — 223 =0. (A.26)
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Equivalently, —33:% +4z3ys = 1 and 23 = 223 — y3. Now, we choose x3 = % Then, y3 = Z—g

and we finally get Q3(%’ %’ %)'

Determination of v. Since Qf # Q3 and Q3Q3% ff w, Q3Q% gives a projection direction onto the
plane w. Furthermore, this direction is non-degenerate. Thus, we define v as in (1.26). In this

way we get Q5 = Q5 (i.e., Q3 is my—symmetric to Q3) and OQs || T (Q}), by (1.22).

Determination of P;, P», P3. Having fixed v, we can project the points @1, Q2, Q3 into the plane
w. Setting P; = I1,(Q;) (1 < ¢ < 3) we find the points:

_ (103 _ 54 _ (163 _ 250 _ (389 _ 795
Pl_ (ﬁa_ﬁa )7 P2_ (ﬁa_ﬁa )7 P3_ (mv_mvo) (A27)
and we can see that OP;, OP,, OP5 are non-parallel. Finally, we note that
OP; = hOP| + kOP, with coefficients h = —133, k = 33 (A.28)
As observed above in Ex. 1.13, the hyperbolic Pohlke’s conic is a hyperbola. In fact, according
to Thm. 1.8, we find: g(—125, 223) < 0 and f(—122, 253) > 0. ]

Remark A.5 After fizing Q1,Q2 €  such that OQ2 || Tx(Q1), in the choice of points
Q3, Q3 € A of Ex. 1.12 and Ex. 1.13 the following facts are observed:

a) By Claim A.3, it cannot happen that Q3 = Q3. In fact, if Q3 = Q3 then we can get (A.4)
renaming the points. More precisely, setting Ri = Q3, Ro = Q1 and R3 = (2, we have

OR;y || T (R2), OR2 | Tw(Rs), ORs| Tx(R1).

b) After fizing Q1(w1,y1, 21), Q2(x2, Y2, 22), we find that
Qs e Hi=H'Nm with m :x1z+ypy—212=0 (A.29)
and
Q3 € Ho = Ny with o : xox + Yoy — 202 = 0.3 (A.30)

Noting that 27 +y? — 22 =1 (i = 1,2), from Claim 2.5 and a) we deduce that Hy and Ha
are two disjoint hyperbolas with center at O. In particular, since w1, 72 }f w, this means
that there is no problem getting Q3 Q% ff w.

Assuming Q3Q%5 f w and setting v =1i+mj+ nk = m, it is easy to see that
P4+m? —n® =2—2(232% + ysy5 — 2325). (A.31)
Hence, v is degenerate if and only if x3x3 + y3y3 — 2323 = 1.
If OQs3 f OQ, i.e., Q3 # £Q1, the plane
T(A): zsx +ysy — 232 =X (A €R) (A.32)

is not parallel to m and w(N\) NHy # 0 if |\ is large enough. So, if we already have Q3
and OQs3 } OQ1, we can choose Q% € Hi so that 1> + m? — n? takes any large enough
positive or negative value. 35

35 Note that m; Jf w2 because OQ1 }f OQs.
36 Just note that we can take coordinates Z, 7 in 71 such that #; has equation Z§ = 1. In the same coordinates
the straight line 71 N w(\) has equation aZ + b = a for suitable a, b (not both zero) and a # 0.
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c) Since R,S € 7 and OR || T »(S) = OR }Jf OS, we necessarily have

0Q: #0Q1, OQiH0Q:, and O0Qs ) 0Q;. (A.33)

On the other hand, we can even choose Q3 = £Q1 and Q5 = £Q2.

To prevent two of the segments OPy, OPy, OP5 from being parallel, it is clear we must have
0Qs }t OQ1, because OQ3 | OQ1 = OPs || OPy. Then, after choosing Q2 and Q3, with
0Qs } OQ1, it is easy to see that:

OPl H OP2 g Q3Q§ H <O7Q17Q2>7 <A34)
OP) | OPs < Q3Q3 ] (0,Q1,Q3), (A.35)
OPR, || OP; & Q3Q3 || (O,Q2,Q3), (A.36)

where with (O, Q;,Q;) we indicate the plane through O,Q;, Q.
Starting from the last, we see that the second of (A.36) holds iff

0Q5 = \0Qs + p0Qs, (A.37)

for suitable X\, . Having OQ2, OQ% || T (Q1) and (by Claim A.3) OQsz I T (Q1), it
follows that = 0. Therefore, we deduce that the second condition of (A.36) holds iff
OQE; ” OQQ, i.e., Qi‘).; = :|:Q2.

Similarly, we see that the second of (A.35) holds iff

0Q5 = \0Q1 + 10Qs, (A.38)

for suitable \, u. Here OQ1, OQ3 || Ty (Q2) and (A.38) immediately give OQ% || T (Q2),
i.e., OQq || T (Q3). This contradicts Claim A.3, because OQ3% || T (Q1). We conclude
that the second of (A.35) never holds.

Finally, the second of (A.34) holds iff, for suitable A, i,

0Q% = 0Qs + 20Q1 + 10Q5. (A.39)

Now, OQ2 || Tr(Q1) and (A.39) imply that OQ} || Typ(Q1) < A+z123+y1y3—2123 = 0.
Furthermore, since OQ1,0Q3 || T (Q2), if (A.39) holds then Q% € A iff

1+)\2+,u2+2/\(:1:1x3+y1y3—2123) =1. (A.40)

In conclusion, we easily see that (A.39) holds iff

00} = 004 — A0Q, + 200, (A.41)

with A d:efxlxg + y1y3 — 2123.

Summarizing up, after firing Q1, Q2 and Qs, with OQs3 f OQ1, the segments OP;, OP;,
OPs are non-parallel if and only if Q% satisfies the conditions (1.23).
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d) It is easy to see that O,Q1,Q2, Qs are coplanar if and only if Q3 = £Q1. Indeed, if

0Q3 = 20Q1 + pOQ2, then the condition OQq || T (Q3) gives
x2(Az1 + pa2) + Y2 (Ayr + py2) — z2(Az1 + pz2) = 0. (A.42)
Since x1x2 + y1y2 — 2122 = 0 and l’% + y% — z% =1, (A.42) implies p = 0. Then
Qi€ # and OQ3 =A0Q; = A==+1. (A.43)

Similarly, the points O, Q1,Q2, Q3 are coplanar if and only if Q3 = Q2.

We may conclude that the points O,Q1,Q2,Q3, Q%5 are coplanar (i.e., O, P, Py, Py are
ultimately collinear) if and only if we choose Q3 = £Q1 and Q5 = £Q2.
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